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Abstract

In sticky price models based on micro evidence that each period a fraction of prices is
kept unchanged, recent studies reach the qualitatively same conclusion that higher trend
inflation is a more serious source of indeterminacy of rational expectations equilibrium,
regardless of whether labor is firm-specific or homogeneous. This paper shows that the
model with firm-specific labor is more susceptible to indeterminacy induced by high trend
inflation than the model with homogeneous labor, because these two different specifications
of labor lead to distinct representations of inflation dynamics. In addition, the model with
firm-specific labor is more susceptible to expectational instability of the equilibrium caused
by high trend inflation.
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1 INTRODUCTION

Recent research has studied implications of a non-zero rate of trend inflation for macroeconomic
stability in sticky price models based on micro evidence that each period a fraction of prices is
kept unchanged.! Ascari and Ropele (2009) and Coibion and Gorodnichenko (2011) investigate
the implications for determinacy of rational expectations equilibrium (REE) under the Taylor
(1993) rule in a Calvo (1983) sticky price model.? These studies reach the qualitatively same
conclusion that higher trend inflation is a more serious source of indeterminacy, regardless of
whether labor is firm-specific or homogeneous. Moreover, Coibion and Gorodnichenko argue
that a decline in trend inflation, along with an increase in the Federal Reserve’s policy response
to inflation, explains much of the U.S. economy’s shift from indeterminacy in the Great Inflation
era to determinacy in the Great Moderation era. This argument contrasts with Clarida et
al. (2000) and Lubik and Schorfheide (2004), who all attribute the U.S. economy’s shift solely
to the Federal Reserve’s switch from a passive to an active policy response to inflation.

The two different specifications of labor—firm-specific versus homogeneous labor—lead to
distinct representations of inflation dynamics. In the model with firm-specific labor, Coibion
and Gorodnichenko (2011) derive a generalized New Keynesian Phillips curve (GNKPC) and
show that this GNKPC solely represents inflation dynamics even at a non-zero rate of trend in-
flation. Ascari and Ropele (2009) analyze the model with homogeneous labor and demonstrate
that inflation dynamics is represented not only by a GNKPC but also by the law of motion
of price distortion, as long as the trend inflation rate is non-zero and the elasticity of labor
supply is finite. The distinct representations of inflation dynamics generate three implications
concerning equilibrium stability. First, firm-specific labor introduces strategic complementar-

ity in price setting, as indicated in previous studies including Bakhshi et al. (2007).> The

! Ascari and Sbordone (2014) review this strand of literature. For recent micro evidence on price adjustment,
see, e.g., Kehoe and Midrigan (2015), Klenow and Kryvtsov (2008), Klenow and Malin (2010), and Nakamura
and Steinsson (2008).

%In analyzing determinacy of REE under the Taylor rule, Arias (2013) uses a Calvo sticky price model with
capital accumulation and sticky wages, while Hornstein and Wolman (2005) and Kiley (2007) employ a Taylor
(1980) sticky price model. Ascari and Ropele (2007) examine the implications for determinacy of REE under an
optimal monetary policy in a Calvo sticky price model.

3Firm-specific capital also incorporates strategic complementarity, as pointed out by Altig et al. (2011),
Eichenbaum and Fisher (2007), Sveen and Weinke (2005, 2007), and Woodford (2005). See also Levin et

al. (2008) for monetary policy implications of strategic complementarity.



resulting GNKPC contains a flatter slope (i.e., a smaller elasticity of inflation with respect to
output) than in the model with homogeneous labor. As a consequence, inflation is less sensi-
tive to output and thereby monetary policy is less capable of stabilizing inflation in the model
with firm-specific labor. Second, in relation to the difference in the slope of the GNKPC, the
long-run inflation elasticity of output implied by the GNKPC differs between the models with
firm-specific and homogeneous labor. As pointed out by previous studies, such as Ascari and
Ropele (2009) and Kurozumi (2011, 2014), this elasticity plays a key role in the equilibrium
stability condition called the long-run version of the Taylor principle (i.e., in the long run the
interest rate should be raised by more than the increase in inflation).* Third, when labor is
homogeneous and the elasticity of labor supply is finite, the law of motion of price distortion is
one of the equilibrium conditions relevant to equilibrium stability at a non-zero rate of trend
inflation. Then, the persistence of price distortion generates endogenously persistent inflation
dynamics. Despite these three implications generated by the distinct representations of infla-
tion dynamics, the existing literature lacks a comparison between the models with firm-specific
and homogeneous labor in terms of stability of REE in sticky price models.

The present paper fills this gap using a Calvo sticky price model. Specifically, our paper
compares implications of a non-zero rate of trend inflation for determinacy of REE under
the Taylor rule between the models with firm-specific and homogeneous labor. The paper also
examines and compares the implications for expectational stability (E-stability) of fundamental
REE under the Taylor rule.> As McCallum (2007) indicates, E-stability is very closely linked
with least-squares learnability (i.e., stability under least-squares learning) and this learnability
is arguably a necessary property for an REE to be plausible as equilibrium for the model at
hand. In a broad class of linear models with expectations (including our log-linearized models),

a non-explosive fundamental REE is least-squares learnable if it is E-stable; otherwise, it is not

4Kurozumi (2011) shows that indeterminacy caused by higher trend inflation is less prevalent when price
stickiness is endogenously determined in a Calvo model along the lines of previous studies, such as Ball et
al. (1988), Romer (1990), Kiley (2000), Devereux and Yetman (2002), Levin and Yun (2007), and Kimura
and Kurozumi (2010). This is because the long-run inflation elasticity of output declines substantially with
higher trend inflation in the case of exogenously given price stickiness, whereas in the case of endogenous price
stickiness the decline in the elasticity is mitigated because higher trend inflation leads to a higher probability of
price adjustment.

®The term “fundamental” refers to Evans and Honkapohja (2001)’s minimal-state-variable (MSV) solutions

to linear rational expectations models to distinguish them from McCallum (1983)’s original MSV solution.



least-squares learnable (Evans and Honkapohja, 2001). Therefore, E-stability is an essential
condition for an REE to be regarded as plausible.®

The paper shows that the model with firm-specific labor is more susceptible to indeter-
minacy of the REE caused by high trend inflation than the model with homogeneous labor.
Moreover, the former model is more susceptible to E-instability of the fundamental REE in-
duced by high trend inflation. These indeterminacy and E-instability results are robust with
respect to the specification of the Taylor rule, such as not only a standard outcome-based
rule (that responds to contemporaneous values of inflation and output) but also a forecast-
based rule and outcome-based rules with policy rate smoothing and with responses to output
growth. Accordingly, the argument of Coibion and Gorodnichenko (2011)—a decline in trend
inflation plays a key role in the U.S. economy’s shift from the Great Inflation era to the Great
Moderation era—could depend crucially on their assumption of firm-specific labor.

Our indeterminacy result is obtained because two key conditions for determinacy are more
restrictive in the model with firm-specific labor than in the model with homogeneous labor.
One condition is the long-run version of the Taylor principle. Higher trend inflation lowers
the long-run inflation elasticity of output and thereby makes the condition more restrictive
for the Taylor rule’s coefficients on inflation and output. Once the trend inflation rate is
higher than a certain threshold that is positive but close to zero, the strategic complementarity
incorporated by firm-specific labor causes the elasticity in this model to be lower than that in
the model with homogeneous labor, and thus the condition is more restrictive in the model
with firm-specific labor. Then, for a stronger policy response to output, the condition calls for
a stronger policy response to inflation. As a consequence, when the policy response to output is
strong, a policy response to inflation that ensures determinacy in the model with homogeneous
labor can induce indeterminacy in the model with firm-specific labor. The other condition for
determinacy requires a stronger policy response to inflation for a weaker policy response to
output at a positive rate of trend inflation. This condition is more restrictive when the slope of
the GNKPC is smaller. Because the strategic complementarity makes the slope in the model

with firm-specific labor lower than that in the model with homogeneous labor, as noted above,

As emphasized in Bullard and Mitra (2002), a considerable amount of research presupposes implicitly that
if there is a determinate REE then all agents can coordinate on that REE, but it is far from clear exactly how
or whether such coordination would arise. Least-squares learnability (and hence E-stability) is thus a necessary

additional criterion for evaluating stability of REE.



the condition is more restrictive in the former model. Consequently, when the policy response
to output is weak, a policy response to inflation that guarantees determinacy in the model with
homogeneous labor can cause indeterminacy in the model with firm-specific labor.

Our E-instability result arises for two reasons. First, the long-run version of the Taylor
principle is a necessary condition for E-stability of the fundamental REE in the model with
firm-specific labor, whereas it is not always in the model with homogeneous labor, i.e., even if
it is not satisfied, the fundamental REE can be E-stable. When trend inflation is higher than
the threshold mentioned above, the long-run version of the Taylor principle is more restrictive
for the Taylor rule’s coefficients on inflation and output, and thus the model with firm-specific
labor is more susceptible to E-instability. Second, when labor is homogeneous, price distor-
tion appears in the GNKPC and its persistence generates endogenously persistent inflation
dynamics, as long as the trend inflation rate is non-zero and the elasticity of labor supply is
finite. For the REE in question, E-stability examines whether an associated equilibrium in
which agents form expectations under adaptive learning reaches over time that REE. Under
such expectation formation, the endogenous persistence of inflation dynamics through the law
of motion of price distortion helps agents form inflation expectations and learn the fundamental
REE in the model with homogeneous labor. By contrast, this is not the case in the model with
firm-specific labor. Price distortion is absent in the GNKPC and thus higher trend inflation is
a more serious source of E-instability.” Therefore, E-instability caused by high trend inflation
is more prevalent when labor is firm-specific.

The remainder of the paper proceeds as follows. Section 2 describes Calvo sticky price mod-
els with firm-specific labor and with homogeneous labor. Between these two models, Section 3
and 4 compare determinacy of REE and E-stability of fundamental REE, respectively. Section

5 conducts some robustness exercises. Section 6 concludes.

"Kobayashi and Muto (2013) use a Calvo sticky price model with homogeneous labor based on Sbordone
(2007) and Cogley and Sbordone (2008), but their model follows Sbordone (2007) to assume that real marginal
cost does not reflect cost arising from price distortion. Because of this assumption, price distortion never appears
in their GNKPC. Consequently, they conclude that when trend inflation is high, E-instability is prevalent. This
is qualitatively consistent with our E-instability result in the model with firm-specific labor, but not with that

in the model with homogeneous labor.



2 CALVO STICKY PRICE MODELS WITH FIRM-SPECIFIC
LABOR AND WITH HOMOGENEOUS LABOR

This section begins by describing a Calvo sticky price model with firm-specific labor and then

presents its associated model with homogeneous labor.

2.1 Model with Firm-Specific Labor

The model with firm-specific labor is based on Coibion and Gorodnichenko (2011). In the
economy there are a representative household, a representative final-good firm, a continuum
of intermediate-good firms, and a monetary authority. The household’s members supply labor

specific to intermediate-good firms. The behavior of each agent is described in turn.

2.1.1 Household

The representative household consumes Cy final goods, supplies { Ny(i)} labor specific to each
intermediate-good firm i € [0, 1], and purchases S; one-period riskless bonds so as to maximize
the utility function Ey Y 0, 8{InC; — [1/(1 + 1/n)] fol(Nt(i))Hl/"di} exp(e¢) subject to the
budget constraint P.Cy + S; = fol Wi(i)N(i)di + Ry—1Si—1 + Ty, where E; is the rational
expectation operator conditional on information available in period ¢, 5 € (0, 1) is the subjective
discount factor, n > 0 is the elasticity of labor supply, &; is a preference shock governed by
a first-order autoregression process with a persistence parameter p € [0,1), P, is the price of
final goods, Wy(7) is the wage paid by intermediate-good firm i, R is the gross interest rate on
bonds, and T} consists of lump-sum transfers and firm profits.

Combining first-order conditions for utility maximization with respect to consumption,

labor supply, and bond holdings yields

M0 i@, (1)
. Ct eXp(6t+1) Rt
b= (BCt—H exp(¢) Ht+1>’ @

where I, = P,/P;_; denotes the gross inflation rate of final goods’ price.

2.1.2 Firms

The representative final-good firm produces Y; homogeneous goods under perfect competition

by choosing {Y;(i)} intermediate inputs so as to maximize profit P,Y; — fol P,(i)Y:(i) di subject

6



to the CES production technology Y; = [fol (Y3(3))0=1/043)9/0=1)  where Py(i) is the price of
intermediate good ¢ and 6 > 1 is the price elasticity of demand for each intermediate good.

The first-order condition for profit maximization yields the final-good firm’s demand for

Yi(i) = Y, (P ;ﬁj))g | 3)

intermediate good 1,

Then, the CES production technology leads to

P, = [/1 (P,(i)) 7 di

1/(1-6)
[ toyta

The final-good market clearing condition is given by
Y; = Ch. (5)

Each intermediate-good firm i produces one kind of differentiated goods Y;(i) under mo-

nopolistic competition. Firm ¢’s production function is given by
Yi(i) = Ae(Ne ()", (6)
where a € (0, 1] is the labor elasticity of output and the technology level A; follows
InA;=g+1InA;q, (7)

where ¢ is the rate of technological change.

The first-order condition for production cost minimization determines firm ¢’s marginal cost

MCy(i) = W (8)

In the face of the final-good firm’s demand (3) and marginal cost (8), intermediate-good
firms set prices of their products on a staggered basis as in Calvo (1983). In each pe-
riod, a fraction A € (0,1) of firms keeps previous-period prices unchanged, while the re-
maining fraction 1 — X\ of firms sets the price B:(i) so as to maximize the profit function
Er Y520 N Qur Yy (Bi(i) ) Py ) " (Bi(i)—MCly(i), where Qur1j = 87 P.Crexp(etr;)/(PiyjCrrj expler))
is the nominal stochastic discount factor between period ¢ and period t + j. For this profit

function to be well-defined, the following assumption is imposed throughout the paper.

Assumption 1 The two inequalities NII°~1 < 1 and BAII?Y < 1 hold, where II is the gross
rate of trend inflation (i.e., the steady-state value of final goods’ price inflation rate I1;) and

v = (14+1/n)/a(>1). Moreover, the trend inflation rate is non-negative, i.e., II > 1.



Using egs. (1), (3), (5), (6), and (8), the first-order condition for staggered price-setting

() ~ar () (7 >] R

where By is the price set by firms that reoptimize prices in period t. Moreover, final goods’

leads to

E) (BN exp(ery;)

J=0

price equation (4) can be reduced to

(P70 = (1= N(B) " + AP (10)

2.1.3 Monetary Authority

The monetary authority conducts interest rate policy according to the Taylor (1993) rule. The
interest rate R; is adjusted in response to deviations of inflation II; and output Y; from their

trend levels

In R, =In R+ ¢r(In1l; — InIl) + ¢, [In(Y;/A;) — Iny], (11)

where R is the gross steady-state interest rate, y is the steady-state level of detrended output

yr = Yy/As, and ¢, ¢, > 0 are the degrees of policy responses to inflation and output.

2.1.4 Log-Linearized Equilibrium Conditions

From egs. (2), (5), (9), (10), and (11), Appendix A presents equilibrium conditions and the
steady state of the model with firm-specific labor in terms of stationary variables. Under

Assumption 1, the log-linearized model is given by

Ut = Eyfig1 — (Rﬁ - Etﬂt—H) + et — Figgqa, (12)

11, — BADYE L1 = B(Edly1 — BB L o) + k4 (g — BT Eyysr)
5(ﬁ1+9(7—1) _ 1)(1 _ )\ﬁe—l)
1+ (9(’7 — 1)

Ry = ¢l + ¢y, (14)

+ (OvEdLy 1 — e + Ererra), (13)

where kp = y(1 — AII71)(1 — BAII?) /{AII’7}[1 + (v — 1)]} > O represents the slope of the
GNKPC (13) and all hatted variables denote log-deviations from steady-state values.®

8See Appendix B for the derivation of the GNKPC (13).



Eq. (13) presents a GNKPC, because at a zero rate of trend inflation (i.e., Il = 1), the

resulting equation can be reduced to

Y1 =M1 =8A) .
NI+ o(y—1)] &

I, = BEAL 41 + rpot = BEILq +

2.2 Model with Homogeneous Labor

When labor is homogeneous, the model is based on Ascari and Ropele (2009). The represen-
tative household’s utility function is given by Eo > ;o S{InCy — [1/(1 + 1/77)]Nt1+1/77} exp(et),
and the budget constraint is given by P,Cy + Sy = WiNy + Ry—15:—1 + T, where Ny is the
supply of homogeneous labor and W; is its wage. Combining first-order conditions for utility

maximization with respect to consumption and labor supply yields
—t— N, (15)

The first-order condition for intermediate-good firm i’s production cost minimization de-
termines its marginal cost
~ WiNy(d)

MCy(i) = Vi) (16)

The labor market clearing condition is given by N; = fol Ny(i) di. Using this equation and
egs. (3), (5), (6), (15), and (16), the first-order condition for staggered price-setting leads to

B ) () ]
Piyj a0 = 1)\ Ay ) \ Pryj Bk ’

where d; = fol(Pt(i) /P;)~%/%dj represents price distortion and evolves according to

E; Z(ﬁ/\)j exp(&t+)

=0

Py = (1= N B £ AP d,_. (18)

From egs. (17) and (18) in addition to eqgs. (2), (5), (10), and (11), Appendix A presents
equilibrium conditions and the steady state of the model with homogeneous labor in terms of
stationary variables. Under Assumption 1, the log-linearized model is given by egs. (12), (14),

and

. _ . . _ . 1. o ) 1.
I, — BAY B0,y = B(Eillyy — BATTY @ BTl ) + kp [yt + ﬁdt — At <Etyt+1 + mEtdtH)}

/8(1:[14-9(1/04—1) _ 1)(1 _ )\ﬁ@—l) 0 .
—FEdl — E 1
+ T+ 0(1ja—1) Bl — e+ Brern | (19)
ATV (ITH+0(/a=1) _ 1) ¢

t =

Y, e, (20)



where rj, = (1 — AII~1)(1 — ALY/ @) /{AII?~1[1 + (1 /e — 1)]} represents the slope of the
GNKPC (19).9 At a zero rate of trend inflation (i.e., II = 1), eq. (20) becomes d; = 0 and thus

eq. (19) can be reduced to

Y1 =N{A = BA)

fl, = BE,II i = BEI
t = BEdLip1 + K£poYe = BE t+1+)\[1+9(1/0‘_1)]yt7

which shows that eq. (19) is a GNKPC.

Here three points are particularly worth noting. First, the slope of the GNKPC (13) in
the model with firm-specific labor is smaller than that of the GNKPC (19) in the model with
homogeneous labor (i.e., Ky < k), as long as the elasticity of labor supply is finite (i.e.,
1/n > 0). This is an implication of strategic complementarity in price setting incorporated by
firm-specific labor for the NKPC, as stressed by previous studies including Bakhshi et al. (2007).
Second, in the model with homogeneous labor, the GNKPC (19) depends on price distortion
th, as long as the trend inflation rate is non-zero (i.e., Il # 1) and the elasticity of labor supply
is finite (i.e., 1/n > 0). Then, the persistence of price distortion presented in its law of motion
(20) generates endogenously persistent inflation dynamics in that model. Last but not least, in
the case of an infinite elasticity of labor supply (i.e., 1/n = 0), the GNKPC coincides between
the models with firm-specific labor and with homogeneous labor. This implies that in such a

case these two models are completely consistent.

2.3 Calibration

The ensuing analysis uses a plausible calibration of the model parameters to illustrate condi-
tions for determinacy and for E-stability. The baseline calibration for the quarterly model is
summarized in Table 1. In line with Coibion and Gorodnichenko (2011), we set the subjective
discount factor at g = 0.99, the elasticity of labor supply at n = 1, the price elasticity of
demand for differentiated intermediate goods at 6 = 10, the labor elasticity of output at o = 1,
and the probability of no price adjustment at A = 0.55.10 Then, we have v = (1+1/7)/a = 2.
We also choose the persistence of preference shocks at p = 0.35 similarly to Woodford (2003).

Note that to meet Assumption 1 under this calibration, the annualized rate of trend inflation

9See Appendix B for the derivation of the GNKPC (19).
10Tn Section 5, a robustness exercise that employs the calibration of Ascari and Ropele (2009) (i.e., § = 11,
A = 0.75) confirms the result obtained with the baseline calibration that the model with firm-specific labor is

more susceptible to both indeterminacy and E-instability than the model with homogeneous labor.
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needs to be less than 12 percent.

3 COMPARISON OF EQUILIBRIUM DETERMINACY

This section compares determinacy of REE between the models with firm-specific and homo-

geneous labor presented in the preceding section.

3.1 Equilibrium Determinacy in the Model with Firm-Specific Labor

We begin with the model with firm-specific labor. In this model, the log-linearized equilibrium

conditions (12)—(14) can be reduced to a system of the form
Ty = AEt.’L‘t+1 + Bey, (21)

where z; = [f[t i Etﬂt+1]’ and the coefficient matrix A is given in Appendix C.!!
In this system, all variables in x; are non-predetermined, so that the REE is determinate
if and only if all eigenvalues of the system’s coefficient matrix A are inside the unit circle. We

can thus establish the necessary and sufficient condition for determinacy of the REE.

Proposition 1 Suppose that Assumption 1 holds. Then, in the model with firm-specific labor,
the REE is determinate if and only if the following two inequalities are satisfied.

(1= B)(1 = BAI™)  Boy(IH+0-D - (1 — AT’
k(L= BAIPT) ey(1 = BAIP-D[L +6(y ~ 1)

O + dyeyf = On +¢y{ }> 1, (22
[d)y +"€f¢7" + 1- F+(¢yvﬁ§ﬁ777707aa/\)][¢y + "if(bﬂ' + 1- F7(¢y7ﬁ;5777707a7)\)] > 07 (23)

where Fi(ﬁby’ﬁ;/@’%@aaa)\) = (_af + V (af)2 - 4bf) /27

1+6(v—1)
BTHI0-D — AP 4 9(y — AP-L)](1 + 6,) }

ql+o(v—1) _ _\TT9-
ag=—p (1 F A ey 4+ TH0-D[1 4 B(1 + 6,)] — B2ATTID} + Oy (ITHH00=1 — 1)(1 — AT 1)))

by = BQAT_I@V{W + 14 B(1+ ¢y) — BN + 1+0(y—1)

Proof See Appendix D.1. m

The condition (22) can be interpreted as the long-run version of the Taylor principle. The
GNKPC (13) implies that each percentage point of permanently higher inflation yields a per-

manent change in output of €, ; percentage points, so that ¢, ; represents the long-run inflation

" The form of the coefficient vector B is omitted because it is not needed in what follows.

11



elasticity of output. Then, ¢, + ¢,€, r shows the permanent increase in the interest rate by the
Taylor rule (14) in response to each unit permanent increase in inflation. The condition (22)
thus suggests that in the long run the interest rate should be raised by more than the increase
in inflation.

Each panel in the left column of Figure 1 illustrates regions of the Taylor rule’s coefficients
on inflation and output (¢r, ¢,) that guarantee determinacy of the REE (as well as E-stability
of the fundamental REE analyzed later) at an annualized trend inflation rate of zero, three,
and six percent, using the calibration of the model parameters presented in Table 1. Note that
the coefficients estimated by Taylor (1993) are (¢x, ¢y) = (1.5,0.5/4) = (1.5,0.125)—which is
»

marked by “x
of 0 < ¢ <1.5x3=45and 0 < ¢, <0.125 x 3 = 0.375. The left column of the figure

in each panel of the figure—and thus it is reasonable to consider the range

demonstrates that higher trend inflation is a more serious source of indeterminacy, in line with
Coibion and Gorodnichenko (2011). At a trend inflation rate of three and six percent, the
long-run version of the Taylor principle (22) imposes an upper bound on the output coefficient,
while the other determinacy condition (23) induces lower bounds on the inflation and output
coefficients. These upper and lower bounds become more severe at a higher rate of trend
inflation.

The long-run version of the Taylor principle (22) is reduced to the original Taylor principle
(i.e., ¢ > 1) in the case of no policy response to output, ie., ¢, = 0. When the policy
response to output is positive (i.e., ¢, > 0), higher trend inflation makes the Taylor principle
(22) more restrictive. As trend inflation increases, the long-run inflation elasticity of output e, ¢
decreases to become negative and further declines, as the thick line in Figure 2 illustrates using
the calibration in Table 1. Then, for a positive value of the Taylor rule’s coefficient on output
¢y, a lower value of the elasticity €, ; causes the Taylor principle (22) to be more restrictive.
Particularly, once the elasticity €, ; becomes negative, the implication of the Taylor principle
(22) changes dramatically. For a stronger policy response to output, the Taylor principle (22)
allows a weaker policy response to inflation under low trend inflation that yields a positive value
of the elasticity (i.e., €, 5 > 0), whereas it requires a stronger policy response to inflation under
high trend inflation that induces a negative value of the elasticity (i.e., €, f < 0). Therefore, at
a positive rate of trend inflation higher than the threshold that generates a zero value of the
elasticity (i.e., €, 5 = 0), a larger coefficient on output calls for a larger coefficient on inflation

in the Taylor rule to satisfy the Taylor principle (22).

12



The other determinacy condition (23) consists of two inequalities, one of which can be
reduced to ¢y + Kfr + 1 — 3 > 0 at a zero rate of trend inflation (i.e., Il = 1) and it is the
relevant condition for determinacy at a positive rate of trend inflation. In the latter condition,
the slope of the GNKPC (13), ¢, plays a key role. At a zero trend inflation rate, the condition
(i.e., py+rpdpr+1—p3 > 0) is satisfied for non-negative values of the Taylor rule’s coefficients on
inflation and output ¢, ¢, > 0. As trend inflation increases, the condition is more restrictive
for the Taylor rule’s coefficients. Higher trend inflation decreases the slope x; of the GNKPC
(13). For a positive value of the Taylor rule’s coefficient on inflation ¢,, such a decrease in
the slope causes the condition to be more restrictive. Because the slope is positive under
Assumption 1, the condition requires a stronger policy response to inflation for a weaker policy
response to output at a positive rate of trend inflation. Moreover, in the case of no policy
response to output (i.e., ¢, = 0), the condition calls for a stronger policy response to inflation
at a higher rate of trend inflation.

In sum, both the determinacy conditions (22) and (23) demonstrate that higher trend
inflation is a more serious source of indeterminacy, because it lowers the long-run inflation

elasticity of output ¢, ; and the GNKPC’s slope x .

3.2 Equilibrium Determinacy in the Model with Homogeneous Labor and

Model Comparison

We turn next to the model with homogeneous labor. In this model, the system of the log-
linearized equilibrium conditions (12), (14), (19), and (20) contains one predetermined variable
cft_l as well as three non-predetermined variables f[t, Ut Etf[tH, so that an analytical investi-
gation of conditions for determinacy of the REE does not seem generally possible. In the two
special cases of a zero trend inflation rate (i.e., Il = 1) and an infinite elasticity of labor supply
(i.e., 1/n = 0), the price distortion terms disappear from the GNKPC (19) as noted above,
and thus the equilibrium conditions relevant to determinacy of the REE are (12), (14), and
(19). Particularly, in the special case of an infinite elasticity of labor supply, these equilibrium
conditions are completely consistent with those in the model with firm-specific labor as noted
above, and hence there is no difference in equilibrium determinacy between the models with
homogeneous labor and with firm-specific labor. Thus, this subsection first focuses on the other

special case of a zero trend inflation rate to derive an analytical expression of conditions for de-
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terminacy and compare it with that in the model with firm-specific labor. It then numerically
compares equilibrium determinacy at a positive rate of trend inflation between the models with
homogeneous versus firm-specific labor.

At a zero rate of trend inflation (i.e., Il = 1), we can follow Ascari and Ropele (2009) to

show that the determinacy conditions are given by

¢7r + d)yey,h = ¢7r + ¢y1;hﬂ > 1, (24)

Gy + kndr+1—5>0. (25)

As in the model with firm-specific labor, the condition (24) can be interpreted as the long-run
version of the Taylor principle, and it is reduced to the original Taylor principle (i.e., ¢ > 1)
in the case of no policy response to output, ie., ¢, = 0. In addition, the other condition
(25) is satisfied for non-negative values of the Taylor rule’s coefficients on inflation and output,
¢r, ¢y > 0. In the latter condition, the GNKPC’s slope xj, plays a role. As discussed by Ascari
and Ropele (2009), if a negative value of the output coefficient is allowed (i.e., ¢, < 0), for a
positive value of the inflation coefficient ¢, a smaller value of the slope kj, causes the condition
(25) to be more restrictive.

In the model with firm-specific labor, Proposition 1 implies that at a zero rate of trend

inflation (i.e., IT = 1), the determinacy conditions are given by

1_
brt byeyy = dr+ oyt > (26)

Oy + KOy +1—3>0. (27)

Because ky < kj and hence it follows that €, s > €, at a zero rate of trend inflation, the
determinacy condition (24) in the model with homogeneous labor is more restrictive for the
Taylor rule’s coefficients than its counterpart (26) in the model with firm-specific labor, while
the other determinacy condition (25) is less restrictive than its counterpart (27), although these
two conditions (25) and (27) are satisfied for non-negative values of the Taylor rule’s coefficients
on inflation and output. Consequently, for non-negative values of the coefficients, equilibrium
determinacy is more prevalent in the model with firm-specific labor than in the model with
homogeneous labor. However, this is the case only when the trend inflation rate is lower than
a certain threshold that is positive but close to zero (e.g., 0.2 percent in annualized rate terms

under the calibration presented in Table 1).
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Once the trend inflation rate exceeds the threshold, the model with firm-specific labor is
more susceptible to indeterminacy of equilibrium than the model with homogeneous labor.
When the annualized trend inflation rate is three and six percent, the two lower panels in the
right column of Figure 1 illustrate regions of the Taylor rule’s coefficients on inflation and output
(¢, @y) that guarantee determinacy of the REE (as well as E-stability of the fundamental REE
analyzed later) in the model with homogeneous labor, using the calibration in Table 1. These
panels show that at a trend inflation rate of three and six percent, determinacy of the REE in
the model with homogeneous labor is ensured as long as the Taylor rule’s coefficients satisfy

the long-run version of the Taylor principle

br + Pyeyn > 1, (28)

where the long-run inflation elasticity of output €, is generalized as

(1= B)(1— BATI?®)  BO/a(IHHP1/2=D) — 1)(1 — A[IP-1)  9/a(fIH+0(1/2=D) _ )ATIP-!
T (1= BATPT) kp(1— A1) [14+0(1/a—1)]  ny(1 — AIIP—1)(1 — AIT%/@)

The comparison of the left and right columns of Figure 1 demonstrates that the model with
firm-specific labor is more susceptible to indeterminacy of equilibrium than the model with
homogeneous labor when the trend inflation rate is three and six percent, both of which are
higher than the threshold. This is because both the long-run version of the Taylor principle
and the other determinacy condition are more restrictive when labor is firm-specific than when
it is homogeneous. The long-run version of the Taylor principle is more restrictive when the
long-run inflation elasticity of output is smaller. At a trend inflation rate that is higher than
the threshold, strategic complementarity in price setting incorporated by firm-specific labor
causes the elasticity in this model to be lower than that in the model with homogeneous labor,
as illustrated in Figure 2, and thereby makes the long-run version of the Taylor principle more
restrictive in the former model than in the latter. Then, if the policy response to output is
strong, a policy response to inflation that ensures determinacy in the model with homogeneous
labor can induce indeterminacy in the model with firm-specific labor. The other determinacy
condition is more restrictive when the slope of the GNKPC is smaller. Because the strategic
complementarity causes the slope in the model with firm-specific labor to be lower than that in
the model with homogeneous labor as noted above, the region of the Taylor rule’s coefficients
that satisfy this condition in the former model is smaller than that in the latter. Then, if the

policy response to output is weak, a policy response to inflation that ensures determinacy in
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the model with homogeneous labor can induce indeterminacy in the model with firm-specific
labor.

The argument above has demonstrated that indeterminacy caused by high trend inflation is
more prevalent when labor is firm-specific than when it is homogeneous. Accordingly, the argu-
ment of Coibion and Gorodnichenko (2011)—a decline in trend inflation, along with an increase
in the Federal Reserves’s policy response to inflation, accounts for much of the U.S. economy’s
shift from indeterminacy in the Great Inflation era to determinacy in the Great Moderation
era—could depend crucially on their assumption of firm-specific labor. Under the calibration
of the model parameters presented in Table 1, which is also chosen by Coibion and Gorod-
nichenko, the model with homogeneous labor argues for Clarida et al. (2000) and Lubik and
Schortheide (2004), who all attribute the U.S. economy’s shift solely to the Federal Reserve’s

switch from a passive to an active policy response to inflation.

4 COMPARISON OF EXPECTATIONAL STABILITY

This section compares E-stability of fundamental REE between the models with firm-specific

and homogeneous labor.

4.1 E-Stability in the Model with Firm-Specific Labor

This subsection examines E-stability of the fundamental REE in the model with firm-specific
labor. Following the literature on learning in macroeconomics (e.g., Bullard and Mitra, 2002;
Evans and Honkapohja, 2001), the present paper uses the so-called “Euler equation” approach
suggested by Honkapohja et al. (2011). That is, the rational expectation operator E is replaced
with a possibly non-rational expectation operator Ej; in the equilibrium conditions (12)—(14).

The resulting conditions can be reduced to a system of the form
Zt — CEtZt+1 + D[l O]EtZH_Q + F€t, (29)

where z; = [f[t ) and the coefficient matrix C' and vector D are given in Appendix C.'? By
the method of undetermined coefficients, it follows that the fundamental REE in this system
can be given by

2t =+ ey = 091 + (I — pC — p*>D[1 0]) "1 Fey, (30)

2The form of the coefficient vector F' is omitted because it is not needed in what follows.
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where I denotes a conformable identity matrix.

Following Section 10.3 of Evans and Honkapohja (2001), we investigate E-stability of the
fundamental REE (30). Corresponding to this REE, all agents are assumed to be endowed

with a perceived law of motion (PLM) of z;
2zt = c+ Tey. (31)

Using forecasts from this PLM to substitute Etzt+1 and Etzt+g out of the system (29) leads to
the actual law of motion (ALM) of z

2z = (C + D[1 0]))c + [p(C + pD[1 0])T + Fle;. (32)

Then, the mapping 7' from the PLM (31) to the ALM (32) can be defined by T'(c,I") =
((C + DI1 0])e, p(C + pD[1 O))T + F). For the fundamental REE (¢,I') to be E-stable, the
matrix differential equation - (c,I',) = T(c,I') — (¢, I') must have local asymptotic stability at
the REE, where 7 denotes a notional time. Hence, the fundamental REE (¢, I') is E-stable if and
only if all eigenvalues of two matrices, DT.(¢,I') = C + D[1 0] and DTy (¢,T') = p(C + pDJ[1 0]),
have real parts less than unity. We can thus establish the necessary and sufficient condition for

E-stability of the fundamental REE.

Proposition 2 Suppose that Assumption 1 holds. Then, in the model with firm-specific labor,
the fundamental REE is E-stable if and only if the long-run version of the Taylor principle (22)
and the following two inequalities are satisfied.

B 697(ﬁ1+9('yfl) _ 1)(1 _ )\ﬁ971>
1+6(y—1)

[2 — B =BT (1 - B) (¢y + 1)+ k(2 — B ) > 1+ Ky,

(33)

. { (1= pB)(1 = pBAII?Y)  pBOy(IT-H0-D — 1)(1 — ATIP" 1)

rp(L=pBAIPY) ey (1= pBATI )1+ 6(y — 1)) }(% tl=p)>p (34)

Proof See Appendix D.2. m

This proposition shows that the long-run version of the Taylor principle (22) is also a necessary

condition for E-stability in the model with firm-specific labor.

13The persistence parameter of the preference shock, p, affects the fundamental REE through the expectations

in the system (29).
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Each panel in the left column of Figure 1 illustrates regions of the Taylor rule’s coefficients
on inflation and output (¢x, ¢y) that guarantee E-stability of the fundamental REE, in addition
to determinacy of the REE. It demonstrates that higher trend inflation is a more serious source
of E-instability as well as indeterminacy. Moreover, indeterminacy is more prevalent than E-
instability, especially when the output coefficient ¢, is small. As in the analysis of equilibrium
determinacy, at an annualized trend inflation rate of three and six percent, the Taylor principle
(22) imposes an upper bound on the output coefficient, while the E-stability condition (33)
induces lower bounds on the inflation and output coefficients, as is similar to the determinacy
condition (23). These upper and lower bounds become more severe at a higher rate of trend
inflation. The remaining E-stability condition (34) does not appear in the figure.

The E-stability condition (33) acts in a similar manner to the determinacy condition (23).
The former condition is satisfied for non-negative values of the Taylor rule’s coefficients on
inflation and output ¢n, ¢, > 0 at a zero rate of trend inflation (i.e., I = 1), where this
condition is implied by the Taylor principle (22) in line with Bullard and Mitra (2002). As
trend inflation increases, the condition (33) becomes more restrictive. In this condition, the
slope of the GNKPC (13), r¢, plays a role. A lower value of the slope causes the condition to
be more restrictive. These properties of the condition still hold even in the case of no policy
response to output, i.e., ¢, = 0.

In the remaining E-stability condition (34), the persistence of the shock, p, plays a crucial
role. When the shock is i.i.d. (i.e., p = 0), this condition is satisfied for non-negative values of
the Taylor rule’s coefficients on inflation and output ¢, ¢, > 0 at any rate of trend inflation.
As the shock persistence p increases, the condition becomes more restrictive. This restrictive-
ness becomes more severe with higher trend inflation, regardless of whether the Taylor rule’s
coefficient on output ¢, is zero or positive.

In sum, as with the indeterminacy result, the E-stability conditions (22), (33), and (34)
demonstrate that higher trend inflation is a more serious source of E-instability, because it

reduces the long-run inflation elasticity of output €, y and the GNKPC’s slope .
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4.2 E-Stability in the Model with Homogeneous Labor and Model Compar-

ison

In the model with homogeneous labor, an analytical investigation of conditions for E-stability
of the fundamental REE does not seem generally possible, as with the analysis of equilibrium
determinacy. Thus, this subsection also begins by focusing on the special case of a zero trend
inflation rate to derive an analytical expression of E-stability conditions and compare it with
that in the model with firm-specific labor. It then numerically compares E-stability at a positive
rate of trend inflation between the models with homogeneous and firm-specific labor.

When the trend inflation rate is zero (i.e., Il = 1), it can be shown that in the model with
homogeneous labor, the long-run version of the Taylor principle (24) is the only E-stability
condition (for non-negative values of the Taylor rule’s coefficients on inflation and output
¢r, ¢y > 0). Moreover, in the model with firm-specific labor, Proposition 2 implies that the
long-run version of the Taylor principle (26) is the only E-stability condition. Therefore, as
with the indeterminacy result, E-stability of fundamental REE is more prevalent in the model
with firm-specific labor than in the model with homogeneous labor, as long as the rate of trend
inflation is smaller than the threshold mentioned above.

Once the trend inflation rate exceeds the threshold, the model with firm-specific labor
is more susceptible to E-instability than the model with homogeneous labor. Each panel in
the right column of Figure 1 illustrates regions of the Taylor rule’s coefficients on inflation
and output (¢, ¢,) that guarantee E-stability, in addition to determinacy, in the model with
homogeneous labor. The comparison of the left and right columns of Figure 1 demonstrates that
at an annualized trend inflation rate of three and six percent, the model with firm-specific labor
is more susceptible to E-instability than the model with homogeneous labor. This E-instability

result arises for two reasons. First, the long-run version of the Taylor principle (i.e., (22)) is

1To analyze E-stability of the fundamental REE in the model with homogeneous labor, we follow Section
10.5 of Evans and Honkapohja (2001). The system of the equilibrium conditions (12), (14), (19), and (20)
contains the predetermined variable di—1 and thus it is possible to consider two learning environments, which
are studied respectively in Sections 10.3 and 10.5 of Evans and Honkapohja (2001). One environment allows
agents to use current endogenous variables in expectation formation, whereas the other does not. Here we
show only E-stability analysis under the latter environment as in Bullard and Mitra (2002), Kurozumi (2006,
2014), and Kurozumi and Van Zandweghe (2008, 2012). This is because the former induces a problem with the
simultaneous determination of expectations and current endogenous variables, which is critical to equilibrium

under non-rational expectations as indicated by Evans and Honkapohja (2001) and Bullard and Mitra (2002).
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a necessary condition for E-stability of the fundamental REE in the model with firm-specific
labor, as shown in Proposition 2, whereas its counterpart in the model with homogeneous labor
(i.e., (28)) must not always be met.!> Moreover, the Taylor principle (22) in the former model
is more restrictive than the Taylor principle (28) in the latter model as noted above, and thus
E-instability is more prevalent in the model with firm-specific labor. Second, when labor is
homogeneous, price distortion appears in the GNKPC (19) and the persistence presented in its
law of motion (20) generates endogenously persistent inflation dynamics, as long as the trend
inflation rate is non-zero and the elasticity of labor supply is finite. For the REE in question,
E-stability examines whether an associated equilibrium in which agents form expectations
under adaptive learning reaches over time that REE. Under such expectation formation, the
endogenous persistence of inflation dynamics through the law of motion of price distortion (i.e.,
the presence of lagged price distortion in agents’ PLM as a model state variable relevant to
their learning) helps agents form inflation expectations and learn the fundamental REE in the
model with homogeneous labor. By contrast, this is not the case in the model with firm-specific
labor. Price distortion and hence its induced endogenous persistence is absent in the GNKPC
(13), and thus higher trend inflation is a more serious source of E-instability. Therefore, E-
instability caused by high trend inflation is more prevalent when labor is firm-specific than

when it is homogeneous.

5 ROBUSTNESS EXERCISES

This section checks the robustness of the indeterminacy and E-instability results presented
above in terms of the specification of monetary policy rules and the calibration of the model

parameters.

5.1 On Specification of Monetary Policy Rules

To examine the robustness of the indeterminacy and E-instability results obtained with the
Taylor rule (14), we use three modifications of the rule: (i) a forecast-based specification of

the Taylor rule, (ii) the Taylor rule with policy rate smoothing, and (iii) the Taylor rule with

5Tn Section 5, a robustness exercise using the calibration of Ascari and Ropele (2009) (i.e., 8 = 11, A = 0.75)
demonstrates that the long-run version of the Taylor principle (28) is not a necessary condition for E-stability

of the fundamental REE at an annualized trend inflation rate of six percent.
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responses to output growth.

5.1.1 Forecast-based Taylor rule

We begin with a forecast-based specification of the Taylor rule. This adjusts the policy rate

R; in response to deviations of inflation and output forecasts, Fyll;1 and E;Y;y1, from their
trend levels

Ry = ¢ EIli 1 + ¢y Erijesa. (35)

In the model with firm-specific labor, the log-linearized equilibrium conditions are given

by (12), (13), and (35). Thus, as is similar to the case of the benchmark Taylor rule (14), we

can establish the necessary and sufficient conditions under which the forecast-based Taylor rule

(35) guarantees determinacy of the REE and E-stability of the fundamental REE.

Proposition 3 Suppose that Assumption 1 holds. Then, in the model with firm-specific labor
and the forecast-based Taylor rule (35), the REE is determinate if and only if the long-run

version of the Taylor principle (22) and the following two inequalities are satisfied.

(1+8)(1+ FAI)[1 +6(y — ] + By(ITHH0-D — 1)1 - AT
oy (1L+ AT 1+ 0(y = 1))

[¢y -1- G}r(qbﬂvﬁ;ﬁanaaaa? )‘)Hgby -1- G;(qbﬂ'?ﬁ;ﬁanveaav )‘)] > 07 (37)

where G (¢, 11; 8,1, 0,0, X) = (—cf £ \/(cp)? — 4dyey) /(2dy),

97(ﬁ1+9(771) —-1)(1 - /\ﬁefl)
1+6(y—1)

¢r + (¢y —2) <1, (36)

1+ M%7 +

cr = 5{(1 — B2AII?)

+ K BATTIYY (¢ — 1)},
dp = BPAIIY (1 — B2ATIDY),  ef =1 — BAIBTYY — k110 (g — 1)),
Proof See Appendix D.3. =

Proposition 4 Suppose that Assumption 1 holds. Then, in the model with firm-specific labor
and the forecast-based Taylor rule (35), the fundamental REE is E-stable if and only if the

long-run version of the Taylor principle (22) and the following two inequalities are satisfied.

Boy (0D —1)(1 — AT

by + kiydr > Ky — (1 — B)(1 — BAITPY) + (38)

1+6(v—1) ’
(1= pB)(1 = ppAII?Y)  pBOy(TTH0—1 — 1)(1 — AP )
on = *{ (L= pBAIT) ey (1 — o1+ 07 — 1) }(”% o=

(39)
Proof See Appendix D.4. B
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These propositions yield each panel in the left column of Figure 3, which illustrates regions
of the inflation and output coefficients (¢, ¢,) of the forecast-based Taylor rule (35) that
ensure determinacy of the REE and E-stability of the fundamental REE, using the calibration
presented in Table 1. Note that the long-run version of the Taylor principle for the forecast-
based Taylor rule (35) is the same as the one (22) for the benchmark Taylor rule (14), because
in the long run there is no difference between these two rules. At an annualized trend inflation
rate of three and six percent, the Taylor principle (22) imposes an upper bound on the output
coefficient, while the determinacy condition (37) and the E-stability condition (38) induce lower
bounds on the inflation and output coefficients, as is similar to the determinacy condition (23)
and the E-stability condition (33) in the case of the benchmark Taylor rule (14). These upper
and lower bounds become more severe at a higher rate of trend inflation. The remaining
determinacy condition (36) and E-stability condition (39) do not appear in the figure. The
lower bounds on the inflation and output coefficients of the forecast-based Taylor rule (35)
are more restrictive than those of the benchmark Taylor rule (14) shown in the left column of
Figure 1. Consequently, both the regions of indeterminacy and of E-instability are larger in
the case of the forecast-based Taylor rule (35).

In the model with homogeneous labor, an analytical investigation of conditions for deter-
minacy and for E-stability does not seem generally possible, as in the case of the benchmark
Taylor rule (14). Thus, a numerical investigation is conducted. Each panel in the right column
of Figure 3 illustrates regions of the inflation and output coefficients (¢, ¢,) of the forecast-
based Taylor rule (35) that ensure determinacy and E-stability in the model with homogeneous
labor, using the calibration in Table 1. As is the case with the model with firm-specific labor,
the long-run version of the Taylor principle for the forecast-based Taylor rule (35) is the same
as the one (28) for the benchmark Taylor rule (14), and the Taylor principle (28) generates an
upper bound on the output coefficient guaranteeing determinacy and E-stability at an annual-
ized trend inflation rate of three and six percent. In addition, there emerge lower bounds on
the inflation and output coefficients ensuring determinacy and E-stability, which do not appear
in the right column of Figure 1 for the benchmark Taylor rule (14). This implies that both the
regions of indeterminacy and of E-instability are larger in the case of the forecast-based Taylor
rule (35) than in the case of the benchmark Taylor rule (14).

The comparison of the left and right columns of Figure 3 confirms the result obtained with

the benchmark Taylor rule (14) that indeterminacy and E-instability caused by high trend
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inflation are more prevalent in the model with firm-specific labor than in the model with

homogeneous labor.

5.1.2 Taylor rule with policy rate smoothing

We turn next to the Taylor rule with policy rate smoothing. This rule introduces a partial

adjustment of the policy rate in the Taylor rule (14). Specifically, it takes the form

Ry = prRe1 + (1 — p) (oIl + byt (40)

where p, € [0,1) represents the degree of policy rate smoothing. Because the rule adds the
lagged policy rate R;_1 to the set of predetermined variables in both the models with firm-
specific labor and with homogeneous labor, an analytical investigation of conditions for de-
terminacy of REE and for E-stability of fundamental REE does not seem generally possible
in these two models. This subsection thus numerically compares determinacy and E-stability
between the two models. To this end the degree of policy rate smoothing is set at p, = 0.86.
This value is the same as the estimate by Coibion and Gorodnichenko (2011) for their preferred
specification of the Taylor rule (the “mixed Taylor rule”) during the post-1982 period.'6

In the model with firm-specific labor, each panel in the left column of Figure 4 illustrates
regions of the inflation and output coefficients (¢r,¢,) of the Taylor rule with policy rate
smoothing (40) that ensure determinacy of the REE and E-stability of the fundamental REE,
using the calibration presented in Table 1. One point to be emphasized here is that the long-
run version of the Taylor principle for the Taylor rule with policy rate smoothing (40) is the
same as the one (22) for the benchmark Taylor rule (14), implying that the partial adjustment
of the policy rate never alters the form of the long-run version of the Taylor principle. This
is also true in the model with homogeneous labor. That is, the long-run version of the Taylor
principle for the rule (40) is the same as the one (28) for the benchmark rule (14).

As emphasized by Coibion and Gorodnichenko (2011), policy rate smoothing helps the
Taylor rule ensure determinacy in the model with firm-specific labor when the trend inflation
rate is positive. The region of indeterminacy at an annualized trend inflation rate of three and
six percent in the left column of Figure 4 is smaller than its counterpart in Figure 1. The

smoothing also supports the Taylor rule in guaranteeing E-stability in the case of a positive

6The mixed Taylor rule adjusts the policy rate in response to the past policy rates, the forecast of future

inflation, the output gap, and output growth.

23



rate of trend inflation. The region of E-instability at a trend inflation rate of three and six
percent in the left column of Figure 4 is smaller than its counterpart in Figure 1.

In the model with homogeneous labor, each panel in the right column of Figure 4 illustrates
regions of the inflation and output coefficients (¢r,¢,) of the Taylor rule with policy rate
smoothing (40) that ensure determinacy and E-stability, using the calibration in Table 1. These
regions are identical to their counterparts in Figure 1. In each panel the long-run version of
the Taylor principle (28) is the only relevant condition for both determinacy and E-stability.
The comparison of the left and right columns of Figure 4 confirms the indeterminacy and

E-instability results obtained with the benchmark Taylor rule (14).

5.1.3 Taylor rule with responses to output growth

Last, we analyze the Taylor rule with responses to output growth. This rule incorporates a

policy response to output growth in the Taylor rule (14). Specifically, it takes the form

R = ¢7rﬂt + &y Ut + bay (Ut — Je-1), (41)

where ¢g4, > 0 represents the degree of the policy response to output growth. As this rule adds
lagged output ¢:—1 to the set of predetermined variables in both the models with firm-specific
labor and with homogeneous labor, an analytical investigation of conditions for determinacy
and for E-stability does not seem generally possible. This subsection thus numerically compares
determinacy and E-stability between the models with firm-specific versus homogeneous labor.
To this end the degree of the policy response to output growth is set at ¢4, = 1.56. This
value is the same as the estimate by Coibion and Gorodnichenko (2011) for their preferred
specification of the Taylor rule during the post-1982 period.

In the model with firm-specific labor, each panel in the left column of Figure 5 illustrates
regions of the inflation and output coefficients (¢, ¢,) of the Taylor rule with responses to
output growth (41) that ensure determinacy of the REE and E-stability of the fundamental
REE, using the calibration presented in Table 1. In the long run there is no difference between
the Taylor rules with and without responses to output growth (i.e., (14) and (41)) because any
permanent increase in output induces no change in output growth. Consequently, these two
rules lead to the same long-run version of the Taylor principle (22). This is also true in the
model with homogeneous labor, i.e., the long-run version of the Taylor principle for the rule

(41) is the same as the one (28) for the benchmark rule (14).

24



As stressed by Coibion and Gorodnichenko (2011), policy responses to output growth greatly
help the Taylor rule ensure determinacy in the model with firm-specific labor when the trend
inflation rate is positive. The region of indeterminacy at an annualized trend inflation rate of
three and six percent in the left column of Figure 5 is smaller than its counterpart in Figure
1. Moreover, at each trend inflation rate of zero, three, and six percent, the long-run version
of the Taylor principle (22) is the only relevant condition for determinacy, in contrast to the
case of the benchmark Taylor rule (14). This also holds for E-stability. The Taylor principle
(22) is the only relevant condition for E-stability at a trend inflation rate of zero, three, and
six percent. The region of E-instability at the rate of three and six percent (in the left column
of Figure 5) is smaller than its counterpart in Figure 1. Hence, policy responses to output
growth also support the Taylor rule to guarantee E-stability in the case of a positive rate of
trend inflation.

In the model with homogeneous labor, the regions regarding determinacy and E-stability
in the right column of Figure 5 are identical to their counterparts in Figure 1. At each trend
inflation rate of zero, three, and six percent, the long-run version of the Taylor principle (28)
is the only relevant condition for both determinacy and E-stability. The comparison of the left
and right columns of Figure 5 confirms the indeterminacy and E-instability results obtained

with the benchmark Taylor rule (14).17

5.2 On Calibration of Model Parameters

This subsection examines the robustness of the indeterminacy and E-instability results obtained
under the baseline calibration of the model parameters presented in Table 1, which is based on
Coibion and Gorodnichenko (2011). Specifically, the calibration of Ascari and Ropele (2009)
is employed here. In the latter calibration, the price elasticity of demand for differentiated
intermediate goods and the probability of no price adjustment are set respectively at 6 = 11
and A = 0.75, while maintaining the values of the other model parameters in Table 1.

Under the alternative calibration, each panel in the left column of Figure 6 illustrates

regions of the inflation and output coefficients (¢, ¢,) of the Taylor rule (14) that ensure

"The same results are obtained with a more general Taylor rule that includes both the response to output
growth and policy rate smoothing. For p, = 0.86 and ¢, = 1.56, the regions of the Taylor rule’s coefficients on
inflation and output that ensure determinacy of the REE and E-stability of the fundamental REE are identical

to those displayed in Figure 5.
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determinacy of the REE and E-stability of the fundamental REE in the model with firm-
specific labor. Compared with its counterpart in Figure 1 under the baseline calibration, each
panel in the left column of Figure 6 shows that indeterminacy and E-instability caused by high
trend inflation is more prevalent under the alternative calibration. This arises mainly from the
increase in the probability of no price adjustment from A = 0.55 to A = 0.75, which in turn
lowers both the long-run inflation elasticity of output and the slope of the GNKPC. The same
is true in the model with homogeneous labor. In this model, each panel in the right column of
Figure 6 illustrates regions of the inflation and output coefficients (¢r, ¢,) of the Taylor rule
(14) that ensure determinacy and E-stability under the alternative calibration. One point to
be stressed here is that at an annualized trend inflation rate of six percent the long-run version
of the Taylor principle (28) is no longer a necessary condition for E-stability in the model with
homogeneous labor. The comparison of the left and right columns of Figure 6 confirms the

indeterminacy and E-instability results obtained under the baseline calibration.

6 CONCLUDING REMARKS

This paper has compared implications of a non-zero rate of trend inflation for determinacy of
REE and E-stability of fundamental REE under the Taylor rule between Calvo sticky price
models with firm-specific and homogeneous labor. The two different specifications of labor
lead to distinct representations of inflation dynamics, which brings about two main results.
First, the model with firm-specific labor is more susceptible to indeterminacy of REE induced
by high trend inflation than the model with homogeneous labor. Second, the former model is
more susceptible to E-instability of fundamental REE. Accordingly, the argument of Coibion
and Gorodnichenko (2011)—a decline in trend inflation, along with an increase in the Fed-
eral Reserve’s policy response to inflation, explains much of the U.S. economy’s shift from
indeterminacy in the Great Inflation era to determinacy in the Great Moderation era—could
depend crucially on their assumption of firm-specific labor. Thus, future work will estimate the
models with firm-specific labor and with homogeneous labor using the method of Lubik and
Schorfheide (2004) to empirically address the question of whether a decline in trend inflation

is a source of the U.S. economy’s shift.
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APPENDIX

A EQUILIBRIUM CONDITIONS AND STEADY STATE

This appendix presents equilibrium conditions and the steady state of the models with firm-
specific labor and with homogeneous labor in terms of stationary variables.

In the model with firm-specific labor, the four equilibrium conditions for the four stationary
variables—inflation II;, the relative price by = B;/P;, detrended output y; = Y;/A;, and the
interest rate R;—are given by

1:Et< B yrexp(e1) Ry )7 (42)
exp(9) yer1exp(er) Hiqr

~ 1-6 j —0y
o= m S owentee (1T ) - g (v ) |- w0
=1

= s etk itk
1= (1—\)b 0+, (44)
In Rt =InR+ (bﬂ' (ln Eth-i—i —In ﬁ) + gzﬁy(ln Etyt—‘ri —1In y) , = 0, 1, (45)

and the steady state with trend inflation II is given by

R

= —o_1.\1/(1-0 = 1
_ Iexp(g) b— 1— AT/ y = a@—1) 1- 5)\_1197 pLto(r—1) /W‘
g 1-A ’ 0 1 — A1

In the model with homogeneous labor, the five equilibrium conditions for the five stationary

variables—inflation II;, the relative price by = By/P;, price distortion d;, detrended output

yr = Y;/As, and the interest rate R;—are given by eqs. (42), (44), (45), and

o j 10 j —9/a
0=F; Z(,B)\)J EXp(EHj) (bt H ! > - a(ee_l)y;y-H <bt H ! ) dtl-{fj] , (46)

II II
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dy = (1— \)b; b/
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and the steady state with trend inflation II is given by

R exp(g) b 1 — A1\ g 1—A y-0/a
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B DERIVATION OF GENERALIZED NEW KEYNESIAN PHILLIPS
CURVES (13) AND (19)

This appendix presents the derivation of the GNKPC (13) and (19).
In the model with firm-specific labor, log-linearizing the equilibrium conditions (43) and

(44) yields
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Combining these equations and taking a first difference of the resulting equation yields
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Taking a first difference of this equation leads to the GNKPC (13).

In the model with homogeneous labor, log-linearizing the equilibrium condition (46) yields
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Combining this equation and (47) and taking a first difference of the resulting equation yields
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Taking a first difference of this equation leads to the GNKPC (19).
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C COEFFICIENT MATRICES IN SYSTEMS (21) AND (29)

In the system (21), the coefficient matrix A is given by

A Al Az
(AT — — A — A LA
A= [A]k] - ! 1ﬁ¢y11 - l(id)ym _¢i+¢ly3 )
1 0 0
where
g, = 00—+ B+ ) {1+ A)[L+ 6(y — 1)] + Oy(ITH0-D — 1)(1 — A1)}
H (by + 1+ kpdm)[1 +0(y — 1)] ’
Ryl = BAITP~1(1 + by)] . BENITOV(1 + by)
A]_Q = ) Al3 -

Oy +1+Kr0r by +1+rKpdr

In the system (29), the coefficient matrix C' and vector D are given by the submatrices of

A: C=[Aj)and D = [Aj3] for j=1,2and k =1,2.

D PROOF OF PROPOSITIONS 1-4

This appendix presents the proof of Propositions 1-4.

D.1 Proof of Proposition 1
The characteristic equation for the coefficient matrix A of the system (21) is given by
3 2 _
w4 azp” +ap+ag =0,

where

1 ¢ 1 1 1

ag = — — A+ —"—A, a = — Ag— A1z, ag= Aqs.
2 [y 11 1+¢y12 1 1+¢y11 14_(%12 13 0 1+¢y13

The REE is determinate if and only if all eigenvalues of the coefficient matrix A are inside
the unit circle. Thus the necessary and sufficient condition for determinacy of the REE is
that all solutions to the characteristic equation are less than unity in absolute value. By the
Cohn-Schur criterion (see, e.g., Gandolfo, 1997), the necessary and sufficient condition for
determinacy is that the three inequalities hold: 1+ a2 +a; +ap > 0,1 —as+a; —ag > 0, and
(ag)? — apas + a1 — 1 < 0. The first inequality can be reduced to the long-run version of the
Taylor principle (22). It can be shown that the second one is satisfied under Assumption 1.

The third one can be reduced to the condition (23).
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D.2 Proof of Proposition 2

The fundamental REE is E-stable if and only if all eigenvalues of two matrices, DT.(¢,T) =
C+ D[1 0] and DTy (¢,T') = p(C + pDJ[1 0]), have real parts less than unity. Thus the necessary
and sufficient condition for E-stability of the fundamental REE is that all eigenvalues of two
matrices, (C+DJ[1 0]—1) and (p(C+ pD[1 0]) —I), have negative real parts. The characteristic

equations of these two matrices are given by

@4 aip+ag =0, p’+agp+ay=0,

where
¢y st ¢7r_1 ¢y 1+2¢y T

agp = — A+ Ao — Az, a1 = — Ay + Ag — Ajs,
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1—p+ 1—p— . — 21-p+

P el ¢y  p(l—p ¢>y)AH+p(¢ p)Am_p( p ¢y)A137
2—p+2¢, PP 2

= " pA + Ao — p°Aqs.

as 1+¢y pA11 1+¢y 12 — P A13

By the Routh-Hurwitz theorem (see, e.g., Samuelson, 1947), the necessary and sufficient con-
dition for E-stability is that the four inequalities a; > 0, j = 0,1,2,3 are satisfied. The first
three inequalities can be reduced to the long-run version of the Taylor principle (22) and the
other two conditions (33) and (34), respectively. It can be shown that the remaining inequality

as > 0 is implied by the inequality a; > 0 (i.e., (33)), because 0 < p < 1.

D.3 Proof of Proposition 3

In the case of the forecast-based Taylor rule (35), the system of the log-linearized equilibrium

conditions takes the same form as (21), with the coefficient matrix given by

A Ap Agg Ann kp(1= AT — ) —B2AII%Y
A:[Ajk]: 1—¢x 1—¢)y 0 =|1—¢x 1—¢y 0 )
1 0 0 1 0 0

where B -
BOy(ITHHO-D — 1)(1 — ATI-1)
1+6(y—-1)

The characteristic equation of the system’s coefficient matrix A is given by

A11 :/8(1_|_)\1:[9’y)+ —{—I{f(l—gf)ﬂ—).

p + agp® + ayp + ag = 0,
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where
ar=—1—=¢y) — A1, a1 =1 —¢y)A11 + (¢r —1)A12 — A13, a0 = (1 — ¢y)Ai3.

The REE is determinate if and only if all eigenvalues of the coefficient matrix A are inside
the unit circle. Thus the necessary and sufficient condition for determinacy of the REE is
that all solutions to the characteristic equation are less than unity in absolute value. By the
Cohn-Schur criterion, the necessary and sufficient condition for determinacy is that the three
inequalities hold: 1+ ag + a1 +ag > 0, 1 —as + a1 — ag > 0, and (ag)? — agaz +a; — 1 < 0.
These three inequalities can be reduced to the long-run version of the Taylor principle (22) and

the other two conditions (36) and (37), respectively.

D.4 Proof of Proposition 4

In the case of the forecast-based Taylor rule (35), the system of the log-linearized equilibrium
conditions takes the same form as (29), with the coefficient matrix C' and vector D that are
the submatrices of A given in Appendix D.3: C = [Aj] and D = [A;3] for j = 1,2 and
k = 1,2. The fundamental REE is E-stable if and only if all eigenvalues of two matrices,
DT.(¢,T) = C + D[1 0] and DTy(¢,T') = p(C + pD[1 0]), have real parts less than unity.
Thus the necessary and sufficient condition for E-stability of the fundamental REE is that all
eigenvalues of two matrices, (C'+ D[1 0] —I) and (p(C + pDI1 0]) — I), have negative real parts.

The characteristic equations of these two matrices are given by
[’ +ap+ag=0, p*—+agu+az=0,
where

ap = ¢y — oy A1 + (or — 1) A1z — dyAiz, a1 =gy +1— A1 — A1z, as =2 — p+ poy — pAi1 — p* Aus,

ag =1—p+ pdy — p(1 — p+ pdy) A1 + p*(6r — 1) A1z — p°(1 — p+ poy) Aus.

By the Routh-Hurwitz theorem, the necessary and sufficient condition for E-stability is that the
four inequalities a; > 0, j = 0,1, 2,3 are satisfied. The first three inequalities can be reduced
to the long-run version of the Taylor principle (22) and the other two conditions (38) and (39),
respectively. It can be shown that the remaining inequality as > 0 is implied by the inequality

ay > 0 (i.e., (38)), because 0 < p < 1.
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Table 1: Calibration of parameters for the quarterly model

B
U

Subjective discount factor

Elasticity of labor supply

Price elasticity of demand for differentiated goods
Labor elasticity of output

Probability of no price adjustment

Persistence of preference shocks

0.99
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Figure 1: Regions of the inflation and output coeflicients (¢, ¢,) of the Taylor rule (14) that

guarantee determinacy of the REE and E-stability of the fundamental REE.

Notes: In the left column, the results of the model with firm-specific labor at an annualized

trend inflation rate of zero, three, and six percent are presented and the dashed line represents

the boundary defined by the long-run version of the Taylor principle (22). In the right column,

the results of the model with homogeneous labor are presented and the dashed line is the

boundary defined by the long-run version of the Taylor principle (28). In each panel the mark

“x” shows Taylor (1993)’s estimates (¢r, ¢y) = (1.5,0.5/4).
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Figure 2: Effect of the level of trend inflation on the long-run inflation elasticity of output e,.

Note: The thick and thin lines illustrate the models with firm-specific labor and with homoge-

neous labor, respectively.
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Figure 3: Regions of the inflation and output coeflicients (¢, ¢, ) of the forecast-based Taylor

rule (35) that guarantee determinacy of the REE and E-stability of the fundamental REE.

Notes: In the left column, the results of the model with firm-specific labor at an annualized

trend inflation rate of zero, three, and six percent are presented and the dashed line represents

the boundary defined by the long-run version of the Taylor principle (22). In the right column,

the results of the model with homogeneous labor are presented and the dashed line is the

boundary defined by the long-run version of the Taylor principle (28). In each panel the mark
“x” shows Taylor (1993)’s estimates (¢r, ¢y) = (1.5,0.5/4).
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Figure 4: Regions of the inflation and output coefficients (¢r, ¢,) of the Taylor rule with policy

rate smoothing (40) that guarantee determinacy of the REE and E-stability of the fundamental

REE.

Notes: In the left column, the results of the model with firm-specific labor at an annualized

trend inflation rate of zero, three, and six percent are presented and the dashed line represents
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the boundary defined by the long-run version of the Taylor principle (22). In the right column,

the results of the model with homogeneous labor are presented and the dashed line is the

boundary defined by the long-run version of the Taylor principle (28). In each panel the mark

“x” shows Taylor (1993)’s estimates (¢r, ¢y) = (1.5,0.5/4).
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Figure 5: Regions of the inflation and output coefficients (¢r,¢,) of the Taylor rule with

responses to output growth (41) that guarantee determinacy of the REE and E-stability of the
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the boundary defined by the long-run version of the Taylor principle (22). In the right column,

the results of the model with homogeneous labor are presented and the dashed line is the

boundary defined by the long-run version of the Taylor principle (28). In each panel the mark

“x” shows Taylor (1993)’s estimates (¢r, ¢y) = (1.5,0.5/4).
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Figure 6: Regions of the inflation and output coefficients (¢r,¢,) of the Taylor rule (14)

that guarantee determinacy of the REE and E-stability of the fundamental REE under the

calibration of Ascari and Ropele (2009).

Notes: In the left column, the results of the model with firm-specific labor at an annualized

trend inflation rate of zero, three, and six percent are presented and the dashed line represents

the boundary defined by the long-run version of the Taylor principle (22). In the right column,

the results of the model with homogeneous labor are presented and the dashed line is the

boundary defined by the long-run version of the Taylor principle (28). In each panel the mark

“x” shows Taylor (1993)’s estimates (¢r, ¢y) = (1.5,0.5/4).
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