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Abstract

A pitfall of expectational stability (E-stability) analysis can arise in models with multi-
period expectations: if an auxiliary variable is introduced as substitute for an expectational
endogenous variable in such a model, this shrinks the region of the model parameters that
guarantee E-stability of a fundamental rational expectations equilibrium. Moreover, in the
model representation with no auxiliary variable, the same E-stability region as in that with
the auxiliary variable is obtained if economic agents are assumed to make multiple fore-
casts in an inconsistent manner. Therefore, we argue that the introduction of an auxiliary
variable as substitute for an expectational endogenous variable in models with multi-period

expectations can induce misleading implications that are biased toward E-instability.
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1 Introduction

Learning has been analyzed extensively in modern macroeconomics. In particular, adaptive
learning has received much attention since the seminal work by Evans and Honkapohja (1999,
2001). Under this learning, economic agents are supposed to form expectations by estimating
and updating their forecasting models in real time. In relation to rational expectations (RE),
expectational stability (E-stability) of RE equilibrium has been investigated in a number of
macroeconomic areas, including monetary policy analysis. For the RE equilibrium in question,
E-stability examines whether an associated equilibrium in which economic agents form expec-
tations under adaptive learning reaches over time that RE equilibrium. E-stability is therefore
one of the most important concepts of stability to assess equilibrium under non-RE or learning.

This paper shows a pitfall of E-stability analysis. The pitfall can arise in models with
multi-period expectations: if an auxiliary variable is introduced as substitute for an expecta-
tional endogenous variable in such a model, this shrinks the region of the model parameters
that guarantee E-stability of a fundamental RE equilibrium.! This pitfall is demonstrated in
E-stability analysis of a simple univariate model with two-period expectations and a dynamic
stochastic general equilibrium (DSGE) model with trend inflation that has been widely used
in the recent literature.? In the univariate model, if an auxiliary variable is incorporated as
substitute for a two-period-ahead forcast, this shrinks the region of the model parameters that
ensure E-stability of a fundamental RE equilibrium. As for the DSGE model, the recent lit-
erature employs two representations of the log-linearized model. One representation contains
a two-period-ahead inflation forecast as well as a one-period-ahead one in a generalized New
Keynesian Phillips curve. The other representation introduces an auxiliary variable as substi-
tute for the two-period-ahead forecast in the curve. Under plausible calibrations of parameters
in the DSGE model, (local) determinacy of RE equilibrium is always identical between the two
representations, but E-stability of a fundamental RE equilibrium is more likely in the repre-

sentation with no auxiliary variable. In particular, the interest rate rule with the inflation and

'The term “fundamental RE equilibrium” refers to Evans and Honkapohja (2001)’s minimal state variable
(MSV) solutions to linear RE models to distinguish them from McCallum (1983)’s original MSV solution.

2See, e.g., Ascari, Castelnuovo, and Rossi (2011), Ascari, Florio, and Gobbi (2014), Ascari and Ropele (2007,
2009), Cogley and Sbordone (2008), Coibion and Gorodnichenko (2011), Kobayashi and Muto (2013), Kurozumi
(2013, 2014), and Kurozumi and Van Zandweghe (2012b, 2013). Ascari and Sbordone (2014) review this strand

of literature.



output coefficients estimated by Taylor (1993) ensures E-stability in the representation with no
auxiliary variable, whereas in that with the auxiliary variable it induces no E-stable fundamen-
tal RE equilibrium when trend inflation is high. This result demonstrates that the different
model representations can cause opposite implications of E-stability for monetary policy.
Which model representation is appropriate for E-stability analysis, that with or without
auxiliary variables? In both the univariate model and the calibrated versions of the DSGE
model, this paper shows that the same E-stability region as in the representation with the
auxiliary variable is obtained in that with no such variable if economic agents are assumed
to make multiple forecasts in an inconsistent manner. The absence of the consistency in the
forecasts makes it more difficult for agents to learn the RE and therefore E-stability is less
likely. Because such inconsistent forecasts are problematic, we argue that the introduction of an
auxiliary variable as substitute for an expectational endogenous variable in models with multi-
period expectations can induce misleading implications that are biased toward E-instability.
The remainder of the paper proceeds as follows. Section 2 outlines a pitfall of E-stability
analysis using a simple univariate model. Section 3 presents a DSGE model with trend inflation
and two representations of the log-linearized model, and analyzes E-stability of a fundamental

RE equilibrium. Section 4 concludes.

2 E-stability Analysis of a Simple Univariate Model

This section outlines the pitfall of E-stability analysis using a simple univariate model with
two-period expectations.
The model relates an endogenous variable z; to its one- and two-period-ahead forecasts

Fixyyq, Byrgyo and an exogenous variable u; according to

xp = Pr1Ewaiys + PoBraiyo + ug, (1)

where F, is a possibly non-RE operator and u; is a white noise. Note that by the Cohn-Schur
criterion (see, e.g., LaSalle, 1986) the condition for determinacy of equilibrium in this model
consists of |#2] < 1 and |#1] < 1 — (2. The fundamental RE equilibrium is given by

ry =G+ Lo, (Gp,Iz) = (0,1).

Following Section 10.3 of Evans and Honkapohja (2001), E-stability of the fundamental RE

equilibrium is analyzed. Corresponding to this equilibrium, economic agents are assumed to



be endowed with the perceived law of motion (PLM) of z; given by x; = ¢, + I';us. Then, the
model implies that the actual law of motion (ALM) of x; is given by xy = (81 + (2)cy +us. The
mapping 7 from the PLM to the ALM can thus be defined as Ty (c,,I'z) = ((81+52)cz, 1). For
the fundamental RE equilibrium (&,,T;) to be E-stable, the differential equation %(cx, r,) =
T(cy,I'y) — (¢, T'y), where 7 denotes a notional time, must have local asymptotic stability at
the equilibrium, that is, D.T,(¢;,[;) = B + B2 and DrT,(¢,,[;) = 0 are less than unity.
Hence, the E-stability condition is £y + 32 < 1.3

Next, we consider an alternative representation of the model (1) using the auxiliary variable

Py = Etxt+1. The representation is given by

N Tt ﬂl 52 1
vt = AEx 401 + Bug, 1 = , A= , B= . (2)

W 1 0 0

Note that the determinacy condition for this representation is the same as that for representa-

tion (1). The fundamental RE equilibrium in representation (2) is given by

214 =Cp1 + Darwg,  (Ga1,T51) = (O2x1, B), (3)

so that the fundamental RE equilibrium is the same as above. As is similar to E-stability
analysis of representation (1), assuming that the PLM of xy; is given by z1; = ¢z1 + Fpiue
corresponding to the fundamental RE equilibrium (3), the representation (2) yields the ALM of
x14 given by x1 4 = Acz1 + Buy, and thus the mapping 731 from the PLM to the ALM is defined
as Ty1(cp1,Ta1) = (Acg1, B). Therefore, it follows that the fundamental RE equilibrium (3) is E-
stable if and only if all eigenvalues of the matrices DTy (Cp1,T21) = A and DrTyq(Cp1, L) =
O2x2 have real parts less than unity. By the Routh-Hurwitz theorem (see, e.g., Samuelson,
1947), the E-stability condition for representation (2) consists of £; < 2 and 3y + 32 < 1.4
The two E-stability conditions for the two representations (1) and (2) imply that the region
of the model parameters ensuring E-stability of the fundamental RE equilibrium is smaller in
the representation with the auxiliary variable. Moreover, the same E-stability region as in the

representation with the auxiliary variable is obtained in that with no such variable if economic

agents are assumed to make forecasts in the following inconsistent manner. The model (1) can

3This E-stability condition is implied by the determinacy condition |81] < 1 — B2, so that a determinate RE
equilibrium is always E-stable in the model.

4This E-stability condition is also implied by the determinacy condition presented above.



be rewritten as

= ABi + Bu, B=| |, (4)
Eixi

which is the same as representation (2) when the expectational variable Etxt+1 is substituted

for the auxiliary variable ¢, in (2). Therefore, if economic agents are assumed to be endowed

with the PLM of Z; given by Z; = ¢,1 +'z1us corresponding to the fundamental RE equilibrium

%y = Cp1 + Lz1ug, then the E-stability condition for representation (4) is the same as that for

representation (2). Here, the agents’ forecasting is inconsistent in that in the PLM of Z; the

one-period-ahead forecast is Etxt+1 = cp1,2 + L'z12us, where cz12 and I'y1 2 are the second

elements of the vectors ¢;1 and I';q1, while in the forecast EtictH it is Etxt+1 = Cz1,1, Where
cz1,1 is the first element of c;1.

The remainder of the paper shows that a similar issue as presented in this section can arise

in a DSGE model that has been widely used in the recent literature, and that the introduction

of an auxiliary variable as substitute for an expectational endogenous variable in the model

can induce misleading implications for monetary policy, which are biased toward E-instability.

3 E-stability Analysis of a DSGE Model with Trend Inflation

This section presents E-stability analysis of a DSGE model with trend inflation. The model
is a Calvo (1983)-style sticky price model with the Taylor (1993) rule and no price indexation
to past or trend inflation, based on Ascari and Ropele (2009) and Kurozumi (2014). The
absence of price indexation is consistent not only with micro evidence that each period a
fraction of prices is kept unchanged under a positive trend inflation,® but also with recent
empirical macroeconomic studies, such as Ascari, Castelnuovo, and Rossi (2011) and Cogley
and Sbordone (2008).

In the model economy, there are a representative household, two types of firms, and a

monetary policymaker. This section describes each agent’s behavior in turn.

5For recent micro evidence on price adjustment, see, e.g., Bils and Klenow (2004), Kehoe and Midrigan

(2012), Klenow and Kryvtsov (2008), Klenow and Malin (2010), and Nakamura and Steinsson (2008).



3.1 Representative household

The representative household consumes final goods c¢;, purchases one-period riskless bonds
B, and supplies labor n; to maximize the utility function Ey 3°0°, 6'{log(c;) — ny ™" /(1 +
o) exp(tg)} subject to the budget constraint Pyc; + By = Pywyng + i4—1By—1 + T}, where E} is
the RE operator conditional on information available in period ¢, § € (0,1) is the subjective
discount factor, o, > 0 is the inverse of the elasticity of labor supply, 4, is a shock to labor
disutility relative to contemporaneous consumption utility, P; is the price of final goods, w; is
the real wage, 7; is the gross interest rate on bonds, which is assumed to equal the monetary
policy rate, and T} consists of lump-sum public transfers and firm profits. The shock u; is
assumed to follow a stationary first-order autoregressive process with the persistence parameter
p€[0,1).

The first-order conditions for utility maximization with respect to consumption, labor sup-

ply, and bond holdings are

1
A= — 5
t Ct’ ( )
w, = T P(i) (6)

A
BAr1 i

1=pg200 7
DY M1 (")

where \; is the marginal utility of consumption and m, = P,/P,_; is the gross inflation rate
of the final-good price. Throughout the section, the trend inflation rate is assumed to be

nonnegative, i.e., m > 1.

3.2 Firms

There are a representative final-good firm and a continuum of intermediate-good firms j € [0, 1].
The final-good firm produces homogeneous goods ; by choosing a combination of differen-
tiated intermediate inputs {y;(7)} to maximize profit Py, — fol P(7)y:(7) dj subject to the CES
production technology y; = {fol (y¢(j))0=D/0gj10/00=1) where P,(j) is the price of intermediate
good j and 6 > 1 is the price elasticity of demand for each intermediate good.
The first-order condition for profit maximization yields the final-good firm’s demand curve

for intermediate good j

ye(J) = ye <Pt(j))‘9’ (8)



while perfect competition in the final-good market leads to

P = {/01 (PG dj}ﬁ. (9)

Each intermediate-good firm j produces one kind of differentiated good y;(j) according to

the production function that is linear in labor input n:(j),

Yi () = ne(J)- (10)

The first-order condition for firm j’s minimization of production cost shows that real

marginal cost is identical among intermediate-good firms and is given by
mep = me(j) = wy. (11)

In the face of the final-good firm’s demand curve (8) and the marginal cost (11), intermediate-
good firms set prices of their products on a staggered basis as in Calvo (1983). Each pe-
riod a fraction a € (0,1) of firms keeps the previous-period prices unchanged, while the re-
maining fraction 1 — « of firms sets the price P;(j) to maximize the associated profit func-
tion By Y 770 a7 qrp4r(Pi(j)/ Pirr — MCtyr)Ypyrt(i) subect to the demand curve y, (i) =
Yirr(Pi(5)/Piyr) ™Y, where qtt+- is the stochastic discount factor between period ¢ and period
t+ 7. For this profit function to be well-defined, it is assumed throughout this section that the
condition ar? < 1 is satisfied.

Using the equilibrium condition ¢; 11 = B Ai4+/ A, the first-order condition for intermediate-
good firms that reset prices in period ¢ becomes

o] T -0 T
- Attr “ 1 “ 1 0
EtZ(Olﬁ) ;\—tyﬂr‘r (Pt H ) (Pt H - mmcwr) =0, (12)
=0

s s
k=1 t+k k=1 t+k

where p; = P}/ P, and P} is the price reset by the firms.

The final-good market clearing condition is given by
Yt = Ct- (13)

The labor market clearing condition, along with the final-good firm’s demand curve (8) and

intermediate-good firms’ production function (10), yields

1
ny = / ne(G)dj = yest, (14)
0



where sy represents price distortion given by s; = fol(Pt (4)/P)~%dj. Under the staggered price

setting, this price distortion equation can be reduced to
_ x\—0 0
st=(1—a)(p;) +ar s (15)
The final-good price equation (9) can also be reduced to

1= (1-a) ()™ +and . (16)

3.3 Monetary policy

The monetary policymaker follows the Taylor (1993) rule

logi; =logi + ¢r(log m — log ) + ¢y (logy: — logy), (17)

where ¢ is the steady-state gross rate of monetary policy and ¢r,¢, > 0 are the degrees
of responses of the policy rate (logi;) to deviations of the inflation rate (logm;) and output

(logy) from their steady-state values (logm, logy).

3.4 Two representations of the log-linearized model

The equilibrium conditions are given by (5)—(7), (11)—(16), and (17). Log-linearizing these
conditions and rearranging the resulting equations leads to the following two representations
of the log-linearized model.

The representation (I) is given by

U = Byl — (%t - Etﬁ't+1> , (18)
it = GrTtt + Gy, (19)
mer = (14 0)9t + ondt + 1, (20)
8 = %ﬁt + a8y, (21)
o = BB + L aﬂe;;)@(_ll_ D) e+ b, (22)
Yy = 0457T9Et¢t+1 +B(r —1)(1 - aﬂefl){HEtﬁtH +(1- Oéﬁﬂe)EtmctH} ) (23)

where hatted variables denote log-deviations from steady-state values and ) is an auxiliary
variable. The representation of this sort—the one with the auxiliary variable—is used in recent

studies, such as Ascari, Castelnuovo, and Rossi (2011), Ascari and Ropele (2009), Ascari,



Florio, and Gobbi (2014), Kobayashi and Muto (2013), and Kurozumi and Van Zandweghe
(2013).
The representation (II) consists of (18)—(21), and

ﬁ't - Oéﬁﬂ'eEtﬁ't+1 = ﬁ(Etﬁ't+1 - OéﬂﬂeEtﬁ'tJrQ) + 59(71' - 1)(1 - Oéﬂeil)Etﬁ't+1

o1y 0
+(1 am Om)@(_ll afn?)

(TfLCt — Oé,BWG_lEt?ﬁCt+1) . (24)

The representation of this sort—the one with no auxiliary variable—is used in Kurozumi (2013,
2014) and Kurozumi and Van Zandweghe (2012b). Compared with representation (I), this rep-
resentation contains two-period-ahead inflation forecast E;m;1 2 instead of the auxiliary variable
(o

Note that each of (22) and (24) is a generalized New Keynesian Phillips curve. This is
because under the zero trend inflation rate (i.e., 7 = 1), (23) implies ¢y = 0 and hence (22)

becomes

b= BBy + O‘)S —B) e, (25)

On the other hand, (24) becomes

1-—a)(1—ap), .

o (mct — OéﬂEt’rﬁCt+1) s

7y — af Bty = B (Bt — aBEif2) +

which can be reduced to (25) because 0 < af < 1.

The generalized New Keynesian Phillips curve depends on price distortion §; through the
real marginal cost (20) as long as the elasticity of labor supply is finite (i.e., o, > 0). Then,
under a positive trend inflation rate (i.e., m > 1), the persistence of price distortion described
in (21) generates endogenously persistent inflation dynamics. As emphasized by Kurozumi
(2014), this endogenous persistence of inflation dynamics through price distortion helps agents
learn the RE and as a consequence, a fundamental RE equilibrium is likely to be E-stable in
representation (II) under a plausible calibration of the model parameters. Therefore, a positive
trend inflation rate and a finite elasticity of labor supply are both key to E-stability of a
fundamental RE equilibrium in representation (II).

With the two representations of the log-linearized model presented above, the next sections

examine E-stability of a fundamental RE equilibrium.



3.5 E-stability condition

Following the literature on learning in macroeconomics (e.g., Evans and Honkapohja, 2001),
the present paper adopts the so-called “Euler equation” approach suggested by Honkapohja et
al. (2011): the RE operator E; is replaced with a possibly non-RE operator E, in each of the
two representations (I) and (II).

By using (20) to eliminate the real marginal cost terms, representation (I) can be rewritten

as
210 = A1 Epz1 441 + Cr6i-1 + Dyuy, (26)

where z1; = [f; J¢ 8 Y1) and the coefficient matrix A; and the coefficient vector C are given

in Appendix A.% In this system, a fundamental RE equilibrium is given by
z10=C1 + P18-1 + Druy, (27)
where the coefficient vectors ¢, ®1, I'; are determined by
é1=04x1, A1®[0010]®, =0, —Cy, T1={I—A(pI +2,(0010])}'Dy.

Note that I'; is uniquely determined given a ®;, whereas ®; is not generally uniquely deter-
mined, which causes multiplicity of the fundamental RE equilibrium (27).

Following Section 10.5 of Evans and Honkapohja (2001), E-stability of the fundamental RE
equilibrium (27) is investigated.” Corresponding to this equilibrium, all agents are assumed to

be endowed with the PLM of z; ;

Z1t=C1 + (I)lgt_l + Flut. (28)

5The form of the coefficient vector D is omitted, since it is not needed in what follows.

"The system (26) contains the predetermined endogenous variable §;—1 and thus it is possible to consider
two learning environments, which are studied respectively in Sections 10.3 and 10.5 of Evans and Honkapohja
(2001). One environment allows agents to use current endogenous variables in expectation formation, whereas
the other does not. The present paper considers only the latter environment as in Bullard and Mitra (2002),
Kurozumi (2006, 2014), and Kurozumi and Van Zandweghe (2008, 2012a). This is because the former induces
a problem with simultaneous determination of expectations and current endogenous variables, which is critical

to equilibrium under non-RE as indicated by Evans and Honkapohja (2001) and Bullard and Mitra (2002).
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Using a forecast from this PLM and the relation 5, = [0 0 1 0]21 ; to substitute Etzu“ out of

(26) leads to the ALM of 2 4
Z14 = Al(I + (131[0 01 0])61 + (A1¢1[O 01 0]‘1)1 + Cl)§t71 + {Al(pI + (131[0 01 0])F1 + Dl}ut.
(29)

The mapping 7} from the PLM (28) to the ALM (29) can thus be defined as

/ /

Cc1 Al(I + <I>1[0 01 0])01
Tl (131 - A1<I>1[0 01 0]‘1)1 + Cl
Fl Al(pI + @1[0 01 O])Fl + D1

Therefore, a fundamental RE equilibrium (¢;, ®1,T) is E-stable if and only if all eigenvalues
of the three matrices DT} .(¢1, ®q,T), DT ¢(¢é, ®q,Ty), DT r(c, ®1,T1) have real parts less

than unity. Since

DTI,C(Elv (i)lafl) - AI(I + @1[0 01 0])’

DTl,‘I'(élu @171_11) — Al(éljl + @1[0 01 0]),

DTy r(c1,®1,T1) = Ai(pl + 1[0 0 1 0]),
where @1,3 is the third element of the RE equilibrium coefficient vector ®;, the E-stability
condition for a fundamental RE equilibrium (61,@1,f‘1) is that all eigenvalues of the three

matrices A1 (¢l +®1[000 1]), ¢ € {1, p, @13} have real parts less than unity.

As for representation (II), it can be written as
204 = AgEyz0 441 + B2l 00)Ey20 449 + Cadi—1 + Douy, (30)

where zo4 = [71; §¢ 8] and the coefficient matrix Ay and the coefficient vectors Ba, Cy are given

in Appendix A.® In this system, fundamental RE equilibrium is given by
294 = C2 + P2Si—1 + Doy, (31)
where the coefficient vectors é, ®s, 'y are determined by

co = 031, BQ[l 0 0]&’2[0 0 1]&)2[0 0 1]&)2 + A2<f>2[0 0 1]&)2 = (i’g — (s,

Ty = {I — Ay(pI + ®3[0 0 1]) — Ba[1 0 0](p*I + pP2[0 0 1] + 5[0 0 1]®2[0 0 1))}~ Ds.

8The form of the coefficient vector D> is omitted, since it is not needed in what follows.

11



Corresponding to this equilibrium, all agents are assumed to be endowed with the PLM of 2 ;
294 = Cg + Posi_1 + Dauy. (32)

Using a forecast from this PLM and the relation 5, = [0 0 1]z, to substitute Et227t+1 and

Etzg7t+2 out of the system (30) leads to the ALM of 25

227,5 = {AQ(I + @2[0 0 1]) + Bg[l 0 0](I+ @2[0 0 1] + @2[0 0 1]‘1)2[0 0 1])}02
+ {(AQ + Bg[l 0 0](132[0 0 1])(132[0 0 1]‘1)2 + CQ}§,5,1

+ {Aa(pI + ®2[0 0 1])T'y + Ba[1 0 0](p*T + pP3[0 0 1] + P3[0 0 1]®5[0 0 1])Ty + Do buy.

(33)
Thus, the mapping 75 from the PLM (32) to the ALM (33) can be defined as
!/ /
| @ | = (A2 + Ba[1 0 0]P2[0 0 1])®2[0 0 1]®y + Co
Iy As(pI + ®2[0 0 1])T'g + Ba[1 0 0](p*I + p®2[0 0 1] + ®2[0 0 1]®2[0 0 1])Ty + Do
(34)

Consequently, the E-stability condition for a fundamental RE equilibrium (¢z, ®o,I'9) is that

all eigenvalues of the following three matrices have real parts less than unity.

DTy .(C2, P2, T'9) = Ag(I + 2[00 1]) + B2[1 0 0](I + P2[0 0 1] + $2[0 0 1]d2[0 0 1]),
DTy ¢(C2, ®2,Ta) = Ag(Po 3l + 03[0 0 1]) + Ba[1 0 0]{(P2,3)%T + P23P5[0 0 1] + P5[0 0 1]®5[0 0 1]},

DTy 1(Eg, ®g,To) = Aa(pI + @20 0 1]) + Ba[1 0 0](p*I + p®@2[0 0 1] + $2[0 0 1]®5[0 0 1)),

where @273 is the third element of the RE equilibrium coefficient vector ®,.

For each of the two representations (I) and (II), E-stability of the fundamental RE equilib-
rium (27) and (31) is numerically investigated, since it seems impossible to analytically solve
the matrix equations for the RE equilibrium coefficient vectors ®; and ®5. As McCallum
(1998) indicates, distinct fundamental RE equilibria are obtained for different orderings of sta-
ble generalized eigenvalues of the matrix pencil for each of the systems (26) and (30). Indeed,
the calibrations of the model parameters presented below show that in cases of indeterminacy

there are two or three distinct fundamental RE equilibrium of the form (27) and (31).

12



3.6 Calibrations of model parameters

The ensuing analysis uses plausible calibrations of the model parameters to illustrate regions
of the parameter space in which E-stability of a fundamental RE equilibrium is guaranteed
in each of the two representations (I) and (II). The calibrations for the quarterly model are
summarized in Table 1. In line with Ascari and Ropele (2009) and Kurozumi (2014), the
present paper sets the subjective discount factor at 7 = 0.99, the probability of no price
adjustment at o = 0.75, and the price elasticity of demand for differentiated intermediate
goods at # = 11. The assumption of an? < 1 then requires that the annualized trend inflation
rate does not exceed 11%. As noted above, a positive trend inflation rate is key to E-stability
of a fundamental RE equilibrium in representation (II) and thus its annualized rate is set at
two, four, six, and eight percent, i.e., 7 = 1.005,1.010,1.015,1.020. The elasticity of labor
supply is also key to the E-stability and thus the inverse of the elasticity of labor supply is set
at 0, = 1,2.9 The shock persistence is chosen at p = 0.8 as in Woodford (2003) and Kurozumi
(2014).

3.7 Results of E-stability analysis

This subsection shows that representation (I) induces a smaller region of the model parameters
that guarantee E-stability of a fundamental RE equilibrium than representation (II), using the
calibrations presented in Table 1. Because the trend inflation rate and the elasticity of labor
supply are both key to differences between the two representations as shown below, how the
E-stability region of each representation varies with trend inflation is explained in each case of

the calibrations of the elasticity.

We begin with the case of the elasticity of labor supply of unity (i.e., o, = 1). Fig. 1
illustrates the regions of the Taylor rule’s coefficients (¢r,¢,) that ensure E-stability of a
fundamental RE equilibrium as well as determinacy of RE equilibrium in representation (I).
This paper focuses on the range of the Taylor rule’s coefficients given by 0 < ¢, < 4.5 and
0 < ¢, < 1.5/4 = 0.375. Because the estimates of these coefficients by Taylor (1993) are

9Hall (2009) surveys the recent empirical literature on the Frisch elasticity of labor supply and concludes that
an empirically plausible value of the elasticity is 0.7, which lies within the range implied by the two values of the
inverse of the elasticity in our calibrations. The case of an infinite elasticity of labor supply (i.e., o, = 0)—which
is not empirically plausible but is analyzed in some theoretical macroeconomic studies—is also presented in

Appendix B.
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¢r = 1.5 and ¢, = 0.5/4 = 0.125, it is reasonable to set upper bounds on the coefficients
at the values three times larger than the estimates. Note that in the region of E-stability at
least one E-stable fundamental RE equilibrium is generated, while in the region of E-instability
no fundamental RE equilibrium is E-stable. The figure shows that high trend inflation is a
serious cause of E-instability of all fundamental RE equilibrium as well as indeterminacy of
RE equilibrium. In the case of the annualized trend inflation rate of two percent, the upper-
left panel of the figure shows two regions of the Taylor rule’s coefficients: one region ensures
determinacy and E-stability of RE equilibrium and the other induces indeterminacy of RE
equilibrium and E-instability of all fundamental RE equilibrium. The former region is fairly
wide and contains the estimates of Taylor (1993). The boundary between the two regions is

given by ¢r + €,¢0, = 1, where

am? (1 - B)(1 - ar?)(1 — aBr?) — 0(x — ){B(1 — ax® 1) (1 — an?) + 0, (1 — aBr?~1)(1 — apr?)}]

v 1+ o)1 — am®1)(1 — an)(1 — aBrd—1)(1 — afr?)

Then, the condition

O+ €yy > 1 (35)

characterizes the region of the Taylor rule’s coefficients that ensure determinacy and E-stability.

The condition (35) can be interpreted as the long-run version of the Taylor principle. From
the law of motion of price distortion (21), the generalized New Keynesian Phillips curve (22),
and the equation for the auxiliary variable (23), each percentage point of permanently higher
inflation implies €, percentage points of permanently higher output. Thus, €, represents the
long-run inflation elasticity of output. Then, ¢, + €,¢, shows the permanent increase in the
interest rate by the Taylor rule (19) in response to each unit permanent increase in inflation.
Therefore, the condition (35) suggests that in the long run the interest rate should be raised
by more than the increase in inflation. This Taylor principle (35) restricts the size of the
output coefficient more severely under higher trend inflation, since the value of the elasticity e,
decreases to become negative and further declines as trend inflation rises. For the annualized
trend inflation rate less than a threshold (e.g., 2.3% under the calibration of model parameters),
the Taylor principle (35) is the relevant, necessary and sufficient condition for determinacy and
E-stability, as is similar to the result of Bullard and Mitra (2002) who study the case of the
zero trend inflation rate.

As trend inflation increases beyond the threshold, the region of the Taylor rule’s coefficients

in which E-stability of a fundamental RE equilibrium is ensured narrows remarkably and the
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one in which determinacy of RE equilibrium is guaranteed further narrows.!® In the cases of
the annualized trend inflation rate of four, six, and eight percent, the Taylor principle (35) is no
longer a sufficient condition for E-stability or determinacy, but remains a necessary condition.
Moreover, in the cases of the annualized trend inflation rate of six and eight percent, the
Taylor (1993) estimates (i.e., (¢r,¢y) = (1.5,0.125)) induce E-instability of all fundamental
RE equilibrium as well as indeterminacy of RE equilibrium.

As for representation (II), Fig. 2 illustrates the regions of the Taylor rule’s coefficients
(¢r, ¢y) that ensure E-stability of a fundamental RE equilibrium as well as determinacy of RE
equilibrium. The comparison of this figure with Fig. 1 shows that determinacy of RE equilib-
rium is identical between the two representations (I) and (II), but E-stability of a fundamental
RE equilibrium is more likely in representation (II). For annualized trend inflation rates less
than the threshold (e.g., 2.3%), the E-stability region is identical to that in representation (I),
as shown in the upper-left panel where the rate is two percent. However, once the rate increases
beyond the threshold, the E-stability region differs from that in representation (I). In partic-
ular, when the rate rises, the E-stability region narrows much less than that in representation
(I), as shown in the cases of the annualized trend inflation rate of four, six, and eight percent.

We emphasize two policy implications generated under representation (II), as they differ
importantly from the implications under representation (I). First, the Taylor (1993) estimates
(i.e., (¢r,0y) = (1.5,0.125)) lead to E-stability even in the cases of the annualized trend
inflation rate of six and eight percent. Therefore, a fundamental RE equilibrium is likely to
be E-stable even under high trend inflation. Second, in these cases the Taylor principle (35)
is neither a sufficient condition nor a necessary condition for E-stability.!! This contrasts with
representation (I), where the Taylor principle (35) remains a necessary condition for E-stability
even under high trend inflation.

We turn next to the case of the elasticity of labor supply of one half (i.e., o, = 2). Figs. 3
and 4 illustrate the regions of the Taylor rule’s coefficients (¢, ¢,) that ensure E-stability of a
fundamental RE equilibrium as well as determinacy of RE equilibrium in the representations

(I) and (II), respectively. The qualitative properties of the results obtained in the case of o, = 1

0The result regarding equilibrium determinacy is in line with that of Ascari and Ropele (2009).
11n the upper-right panel of Fig. 2, where the annualized trend inflation rate is four percent, there is a small
region of the Taylor rule’s coefficients that do not meet the Taylor principle (35), where E-stability is ensured

(1.05 < ¢ < 1.40).
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still hold, but the difference in the E-stability region between the two representations (I) and
(IT) is much starker. In particular, a lower elasticity of labor supply makes a fundamental RE
equilibrium more likely to be E-stable in representation (IT). In terms of policy implications,
E-stability is ensured under the Taylor (1993) estimates in representation (II) even at the high
rates of trend inflation, as the Taylor principle (35) is neither a necessary nor sufficient condition
for E-stability. By contrast, in representation (I), E-instability is induced under the estimates
if trend inflation is sufficiently high, since the Taylor principle (35) becomes more likely to be
violated.

As noted above, in representation (II), a finite elasticity of labor supply causes price dis-
tortion to affect inflation dynamics represented by the generalized New Keynesian Phillips
curve (24), and the persistence of price distortion in (21) then generates endogenously per-
sistent inflation dynamics. For the RE equilibrium in question, E-stability examines whether
an associated equilibrium in which agents form expectations based on a PLM reaches over
time that RE equilibrium. Under such expectation formation (i.e., the presence of lagged price
distortion $;—; in the PLM (32)), the endogenous persistence of inflation dynamics through
price distortion helps agents learn the RE. Consequently, E-stability of a fundamental RE

equilibrium is likely.'? The next subsection explains why this does not hold for representation

(D).

3.8 Why does representation (I) induce a smaller E-stability region than

representation (II)?

This subsection addresses the question of why representation (I) induces a smaller E-stability
region than representation (II) as illustrated above. Specifically, the subsection demonstrates
that in representation (II), if economic agents make inflation forecasts in an inconsistent man-
ner, the resulting E-stability region becomes identical with that in representation (I).

The system of representation (II) given by (30) can be rewritten as
2340 = A3Ey23441 + C38i-1 + Dauy, (36)

where z3; = [zé’t Et'frt+1], (= [7 Gt 8¢ Etﬁt+1]’ ) and the coefficient matrix Az and the coefficient

2Consistently, in the case of an infinite elasticity of labor supply (i.e., o, = 0), where price distortion
never affects inflation dynamics, high trend inflation is a serious cause of E-instability of the fundamental RE

equilibrium as well as indeterminacy of RE equilibrium. See Appendix B for the analysis of this case.
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vectors ('3, D3 are given by

Ay By C D
5 C3 - ? 5 D3 — ?

B0 0] o : :

In this system, fundamental RE equilibrium is given by

231 = C3 + P38i-1 + Dy, (37)
where the coefficient vectors é3, ®3, I's are determined by

G3 = O4x1, A3P3[0010]®3 =05 —C3, T3={I— Asz(pl +®3[0010])} 'Ds.

Corresponding to this equilibrium, all agents are assumed to be endowed with the PLM of 23 ;

234 = 3+ P38 + . (38)
In this PLM the fourth element is

Eyfrpi1 = c3a 4+ 3481 + D3 4uy, (39)

where c3 4, ®34, and I'3 4 are the fourth elements of the vectors c3, ®3, and I's. The forecast

Et237t+1 based on the PLM (38) is given by

Eifiiq (e31 4+ ®3,1c33) + P31P3 351 + (pL'31 + P311'33)uy
. By (324 ®P32c33) + P3oP3 351 + (pI'32 + P32l'33)uy
Eizgpn= | . = )
Ei5141 (c33 + P33c33) + P33P3 35,1 + (pl'33 + P3 313 3)uy
i Eifis ] | (c3a+ Psac33) + P3aPs 381+ (pI'sa + P3als3)ur |

The first element of this forecast, EﬁrtH, is not consistent with (39). Thus, because agents
have a PLM for contemporaneous inflation and one for expected inflation next period, they
make multiple inflation forecasts in an inconsistent manner. Using the forecast Et237t+1, the

system (36) yields the ALM of z3;

A Ag([ + (1)3[0 01 0])63 + (A3(I)3[0 01 0](13’3 + C3)§t_1 + {Ag(p[ + (1)3[0 01 0])F3 + Dg}ut.

(40)
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Thus, the mapping T3 from the PLM (38) to the ALM (40) can be defined as

! /

C3 Ag(I + @3[0 01 O])Cg
TS ‘I’g = A3‘I’3[0 01 0](13’3 + C3
I's Ag(p[—i—‘I’g[OOlO])Fg,-i-Dg,

Consequently, the E-stability condition for a fundamental RE equilibrium (3, ®3,T'3) is that

all eigenvalues of the following three matrices have real parts less than unity.

DTy (¢35, ®3,T'3) = As(I + 53[0 01 0]),
DT3,¢(637 @371_13) = AS(éS,Z}I + @3[0 01 0]),

DTy r(cs, ®3,T3) = Az(pl + ®3[0 01 0]),

where @373 is the third element of the RE equilibrium coefficient vector ®s.

Under the calibrations of the model parameters presented in Table 1, this E-stability con-
dition generates the same figures as those for representation (I), i.e., Figs. 1 and 3 in the cases
of o, = 1,2. Therefore, in representation (II), if economic agents make inflation forecasts in
the aforementioned inconsistent manner, the resulting E-stability region becomes identical with
that in representation (I).!3 Because the absence of the consistency in the inflation forecasts is

problematic, representation (I) is arguably not appropriate for E-stability analysis.

4 Concluding Remarks

This paper has shown that a pitfall of E-stability analysis can arise in models with multi-
period expectations: if an auxiliary variable is introduced as substitute for an expectational
endogenous variable in such a model, this shrinks the region of the model parameters that
ensure E-stability of a fundamental RE equilibrium. This pitfall has been demonstrated in a
simple univariate model with two-period expectations and a DSGE model with trend inflation.'4

Moreover, in the model representation with no auxiliary variable, the same E-stability region as

in that with the auxiliary variable has been obtained if economic agents are assumed to make

3The equivalence between the E-stability regions is shown formally for the case of an infinite elasticity of
labor supply in Appendix B.

1 The pitfall may be demonstrated in a DSGE model with internal habit formation in consumption preferences,
where a two-period-ahead consumption forecast as well as a one-period-ahead one appears in a consumption Euler

equation.
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multiple forecasts in an inconsistent manner. Therefore, we have argued that the introduction
of an auxiliary variable as substitute for an expectational endogenous variable in models with
multi-period expectations can induce misleading implications of E-stability that are biased

toward E-instability.
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Appendix

A Coefficient matrix and vectors of systems (26) and (30)

Let a1 = 1/[(1 +0,)(1 — ar? 1)1 — afr?)¢r + an? {1 — o, (7 — 1)(1 — aB7%) }(1 + ¢)]. In

the system (26), the coefficient matrix A; and the coefficient vector Cy are given by

A At 12 A1 At14
1-A1 1107 1-A1,12¢x _ A113¢x _ A114¢x
A = 14+¢y 1+9¢y 1+¢y 1+¢y
Gar® M (r—1)A1 11 Oan® Y(r—1)A112  Oax® Y(n—1)A115  Oar® (m—1)A1 14 |’
1—amf?-1 1—an?-1 1—arf?-1 1—an?-1
i A At a2 At At a4 |
Ci1
_Ci1¢n
1+¢
) = ,
6-1 O(r—1)C11 ’
am { + 1—an?-1
0

where

Arnr = ar{ar’ B+ ALa)(1+ ¢y) + (1 + 00)(1 — an’ 1) (1 — apr?)},

A = ar{an? Ay (1 + ¢y) + (1 + 0,)(1 — an? (1 — apr?)},

Aigz = aran’ TAL 3(1+ ¢y),  Args = aran® T Ap (1 + ¢y),

Ap g = 08(mr — 1)1 —an® 1), Ajge =B — 1)1 +0,)(1 — ax? 1) (1 — apr?),
Ayaz = 0,8 — 1)1 —an’ (1 — apr?), Ay = apr’,

C11 = ayonar’(1 —an® (1 — apr®)(1 + ¢,).

In the system (30), the coefficient matrix Ay and the coefficient vectors Bs, Cy are given by

Az 11 Az 12 Az 13
Ay = 1-Az 11¢x 1—As 12¢x _ A213¢x
T+6y 1+dy 1+4y ’
90{71'8_1(#71)142711 9&#9_1(7771)142’12 90&#9_1(#71)142713
L 1—anf-1 1—anf-1 1—amf—1
B 1 Ca1
C21¢
By — _ Boi¢r C = _Coaon
2 = ;o Oy . ,
90{71'971(#*1)32,1 0—1 0(r—1)C21
L l—anf—1 an T+ 1—amf—1
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where

Ag 11 = ar[aBr’ Y14+ ar? +0(r — 1)1 — an® HY1 + ¢,) + (1 + 0,)(1 — ax?’ 1) (1 — apr?)],
Ag 19 = a1(1+0,)(1 —ar? (1 — afr?®) {1 — afr’" 1 (1 4 ¢,)},
Aoz = —alanaﬂwefl(l — om'e*l)(l — 04,671'9)(1 + dy),

By = —a1afr’apr? (14 ¢,), Coi = aronar’(1 —an® (1 - afr’)(1+ ¢,).

B The case of an infinite elasticity of labor supply

In the case of an infinite elasticity of labor supply (i.e., o, = 0), the E-stability conditions
for the representations (I) and (II) presented in Section 3.5 generate Figs. 5 and 6 under
the calibrations of the other model parameters presented in Table 1. In line with the cases
of o, = 1,2, these figures show that E-stability of a fundamental RE equilibrium is more
likely in representation (II) than in representation (I). Note that in the case of o, = 0, the
Taylor principle (35) is a necessary condition for E-stability as well as determinacy even in
representation (II).

In representation (II), if economic agents make inflation forecasts in the inconsistent man-
ner mentioned in Section 3.8, the resulting E-stability region becomes identical with that in

representation (I). This is shown in the following proposition.

Proposition 1 Suppose that o, = 0. Then the same FE-stability region as in representation
(1) is obtained in representation (II) if agents’ inflation forecasting is inconsistent in the afore-
mentioned sense.

Proof The exposition in Section 3.5 implies that for representation (I), the fundamental RE
equilibrium is E-stable if and only if all eigenvalues of the matrices AY and pAY have real parts

less than unity, where

A1 A1 12 At 14

A0 — | 1ImALndr 1-Aviedr  Av1aén
1 1+¢y 1+¢y 1+¢y
A a1 At At a4

is the coefficient matriz Ay in the case of o, = 0. Likewise, for representation (II) in which
agents’ inflation forecasting is inconsistent in the aforementioned sense, the fundamental RE

equilibrium is E-stable if and only if all eigenvalues of the matrices A and pAS have real parts
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less than unity, where

Ao 11 Az 12 Bs 1
A0 — | 1-A2édr 1-Asaedr _ Boagn
1+¢y 1+¢y 1+¢y
1 0 0

is the coefficient matriz As in the case of o, = 0. It is straightforward to verify that the

characteristic equations of A and AY are identical and given by

1- A2,12</57r) 2 <A2711 — Az 19
1+ ¢,

B
rd— (A2,11 + — BLQ) r+ L2 .

1+,

Therefore, the eigenvalues of A} and AS must be identical and the eigenvalues of pAY and pAY

must be tdentical. W
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Table 1: Calibrations of parameters for the quarterly model

SHE SR

Q
3

subjective discount factor 0.99

probability of no price adjustment 0.75

price elasticity of demand for differentiated goods 11

gross trend inflation rate 1.005, 1.010, 1.015, 1.020
inverse of elasticity of labor supply 1,2

shock persistence 0.8
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Figure 1: Regions of the Taylor rule’s coefficients (¢, ¢,) that ensure E-stability of a funda-
mental RE equilibrium as well as determinacy of RE equilibrium: Representation (I) with the

elasticity of labor supply of unity (i.e., o, = 1).
Trend inflation = 4 percent

Trend inflation = 2 percent
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Note: In each panel the mark “x” shows the Taylor (1993) estimates (¢r,¢,) = (1.5,0.125)
and the dashed line represents the boundary given by the long-run version of the Taylor prin-

ciple (35).
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Figure 2: Regions of the Taylor rule’s coefficients (¢r,¢,) that ensure E-stability of a funda-
mental RE equilibrium as well as determinacy of RE equilibrium: Representation (IT) with the

elasticity of labor supply of unity (i.e., o, = 1).
Trend inflation = 4 percent
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Note: In each panel the mark “x” shows the Taylor (1993) estimates (¢r,¢,) = (1.5,0.125)
and the dashed line represents the boundary given by the long-run version of the Taylor prin-

ciple (35).
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Figure 3: Regions of the Taylor rule’s coefficients (¢r, ¢,) that ensure E-stability of a funda-
mental RE equilibrium as well as determinacy of RE equilibrium: Representation (I) with the
elasticity of labor supply of one half (i.e., o, = 2).
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and the dashed line represents the boundary given by the long-run version of the Taylor prin-
ciple (35).

29



Figure 4: Regions of the Taylor rule’s coefficients (¢r,¢,) that ensure E-stability of a funda-
mental RE equilibrium as well as determinacy of RE equilibrium: Representation (IT) with the

elasticity of labor supply of one half (i.e., o, = 2).
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Note: In each panel the mark “x” shows the Taylor (1993) estimates (¢r,¢,) = (1.5,0.125)
and the dashed line represents the boundary given by the long-run version of the Taylor prin-

ciple (35).
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Figure 5: Regions of the Taylor rule’s coefficients (¢r, ¢,) that ensure E-stability of a funda-
mental RE equilibrium as well as determinacy of RE equilibrium: Representation (I) with an
infinite elasticity of labor supply (i.e., o, = 0).
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and the dashed line represents the boundary given by the long-run version of the Taylor prin-
ciple (35).
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Figure 6: Regions of the Taylor rule’s coefficients (¢r,¢,) that ensure E-stability of a funda-
mental RE equilibrium as well as determinacy of RE equilibrium: Representation (IT) with an

infinite elasticity of labor supply (i.e., o, = 0).
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Note: In each panel the mark “x” shows the Taylor (1993) estimates (¢r,¢,) = (1.5,0.125)
and the dashed line represents the boundary given by the long-run version of the Taylor prin-

ciple (35).
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